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5Abstrat
Models of gauge eld theories on nonommutative spaes are studied. In the
rst hapter we onsider a anonially deformed spae. Its nonommutativity is
indued by means of a star produt with a onstant Poisson tensor. We disuss
the dependene of the established gauge eld theory on the hoie of the star
produt itself: The dependene of the ation is derived and it is shown that in
general two arbitrary star produts lead to two dierent ations. A large lass of
star produts whih all orrespond to equal ations is determined as well. The
Moyal-Weyl star produt and the normal ordered star produt are among this set
of star produts.
In the seond hapter we disuss nonommutative, abelian gauge eld theory
on the Eq(2)−symmetri plane. Two dierent approahes are studied.
The rst is the generalization of the theory established for a anonially de-
formed spae. We indue the nonommutativity via a star produt with a non-
onstant Poisson tensor. To be able to dene a gauge invariant ation, we on-
strut an integral with trae property (onsiderations made here may be transfered
to other nonommutative spaes). The nonommutative elds are expressed in
terms of the ordinary, ommutative elds via the Seiberg-Witten map. This allows
us to alulate expliitly the orretions to the ommutative theory predited by
the nonommutative one in orders of the deformation parameter. We present the
results up to rst order, whih shows that new interations appear. The integral
we had to introdue is not invariant with respet to Eq(2)−transformations.
In the seond approah we establish a gauge eld theory whih is Eq(2) −
ovariant. We onstrut a Uq(e(2)) − invariant integral. It turns out that this
integral is not yli but possesses a deformed yli property. We establish
an Eq(2)−ovariant dierential alulus. A frame for one-forms is found as well.
A ruial issue are gauge transformations: In order to obtain a gauge invariant
and Eq(2)−invariant ation, we introdue deformed gauge transformations. The
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9Introdution
The idea to study nonommutative spae-time is very old. It goes bak to Snyder,
who rst suggested a nonommutative struture at small length sales to obtain
this way an eetive ultraviolet uto [1℄. This in turn should help to deal with the
divergenes that already appeared in the early days of quantum eld theory. The
problem still persists and during the last two deades nonommutative spaes have
been intensively studied in the hope to nd a natural regularization of deformed
quantum eld theories.
There are dierent ways to introdue a nonommutativity of spae-time. One
is inspired by quantum mehanis, where position and momentum operators obey
the Heisenberg ommutation relations. Similarly, the quantized spae-time oor-
dinates xˆi are demanded to satisfy the so alled anonial ommutation relations
[xˆi, xˆj] = iθij , (1)
where θij are real onstants. This approah beame espeially interesting when
in the eighties the study of open strings in a magneti bakground eld led to
a anonial nonommutativity in string theory [2℄. However, by deforming the
spae alone the spae will in general loose its lassial bakground symmetry.
To maintain a bakground symmetry in the deformed setting, it is therefore
in general neessary to deform both the symmetry group as well as the spae.
This leads to so alled q−deformed spaes that admit a quantum group symme-
try. Corretly spoken the algebra of funtions on a manifold and the algebra of
funtions on a Lie group are q−deformed [3℄. Suh a nonommutative theory
is a generalization of the ommutative theory sine the deformed spae as well
as the deformed symmetry group beome in the semi-lassial limit q → 1 the
ommutative spae together with its undeformed bakground symmetry. The rih
mathematial struture of quantum groups gives rise to the hope to get a bet-
ter understanding of physis at short distanes and to solve the above-mentioned
problems.
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Gauge eld theories have been very suessful for the understanding of the
fundamental fores of nature. The standard model made a uniation of eletro-
magnetism, the weak and the strong fore possible. Therefore a generalization
of the gauge invariane priniple to nonommutative spaes is of partiular in-
terest and subjet matter of this thesis. The hope is that a deep understanding
of gauge eld theories on nonommutative spaes may make it possible to nally
inorporate the last fundamental fore, gravitation, in a unied theory.
This thesis is divided into two hapters. The rst hapter deals with a anoni-
ally deformed spae. Gauge eld theory on this nonommutative spae has been
examined intensively in [4, 5, 6, 7, 8℄. A ruial ingredient for the onstrution of
gauge eld theory on a anonially deformed spae is the use of a star produt that
renders the originally ommutative algebra of funtions on the spae isomorphi as
algebra to the nonommutative algebra of funtions. By means of Seiberg-Witten
maps it then is possible to relate ordinary gauge theory and nonommutative
gauge theory and to express nonommutative elds in terms of their ommutative
analogs. This allows us to read o expliitly the orretions to the ommutative
theory predited by the nonommutative one in orders of the deformation param-
eter h. In the whole formalism a speial star produt was used: the Moyal-Weyl
star produt that orresponds to the symmetri ordering presription. However,
there exist innitely many star produts, all orresponding to a dierent ordering
presription, that annot be distinguished from the algebrai point of view. Thus,
the question arises how far a hange of the star produt hanges the physial
theory, i.e. the ation. We will examine in all detail how a hange of the ordering
presription expliitly aets the ation. We will see that in general dierent star
produts indeed lead to dierent ations, but that nonetheless a large lass of star
produts generates idential ations. The star produts orresponding to normal
ordering and symmetri ordering belong to this lass.
The seond hapter treats the ase of a two-dimensional quantum spae with
an Eq(2)−symmetry. By Eq(2) we denote the q−deformed algebra of funtions on
the two-dimensional Eulidean group. We start introduing the quantum group
Eq(2) and the orresponding Eq(2)−ovariant plane. The underlying ommuta-
tion relation of the spae oordinates is
zz = q2zz (2)
in the basis z = x + iy, z = x − iy. We then proeed to study two dierent
approahes to abelian gauge eld theory on this nonommutative spae.
The rst is a generalization of the formalism developed in the ase of a on-
stant Poisson tensor. If we substitute q by eh, we an write down the ommutation
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relations of the oordinates of the Eq(2)−ovariant plane in the form of (1), where
θij = θij(z, z) now depends on the oordinates and is not onstant. A star produt
for this spae is introdued, as well as a nonommutative gauge eld Ai by the
onept of ovariant oordinates. Moreover, we an again express the nonommu-
tative quantities in terms of the ommutative physial elds via a solution for the
Seiberg-Witten maps. To get a gauge eld whih approahes in the semi-lassial
limit h → 1 the ommutative gauge eld, we must introdue vetor elds with
lower indies. Sine θ is not onstant, we annot use θ to lower indies as this
would spoil gauge ovariane of the gauge eld Ai. We have to do it ovariantly
using the ovariantizer D [9℄. At the end of the setion we alulate expliitly
the eld strength, the Lagrangian and the ation expanded in h up to rst order.
As we will see, new interations appear. Unfortunately, we will learn that the
theory possesses some freedom in dening the eld strength and the ation. Fur-
thermore, we will see that it is not Eq(2)−ovariant: We are fored to introdue
an integral with trae property in order to obtain a gauge invariant ation. This
ation is not Eq(2)−invariant.
In the third setion we try to establish an Eq(2)−ovariant gauge eld theory.
Considering Eq(2)−ovariane as a fundamental onept underlying all onsider-
ations, we introdue an Eq(2)−invariant (or equivalently a Uq(e(2)) − invariant)
integral. We will see that this integral is not yli but possesses a deformed
yli property. This is a ruial result, telling us that we annot introdue gauge
transformations of gauge elds as onjugation with a unitary element as it was
done in the previous setion. In a seond step, we establish an Eq(2)−ovariant
dierential alulus. Furthermore, we nd a frame, a basis of one-forms that om-
mutes with all funtions, and a generator Θ of the exterior dierential d. This
simplies alulations in the q−deformed spae. A nonommutative gauge eld
A and a nonommutative eld strength F that approahes the ommutative eld
strength in the semi-lassial limit q → 1 are introdued. Finally, deformed
gauge transformations are dened. This allows us to obtain an ation that is both
gauge invariant and Eq(2) − invariant and thereby we get an Eq(2)−ovariant





Inuene of the Ordering
Presription in the Case θ = const.
Nonommutative spaes, espeially in the ase of a anonial nonommutativity,
have been intensively studied in reent years. In [5℄ and [4℄, for instane, a gauge
theory has been developed on suh a nonommutative spae. The star produt
formalism plays a ruial role in this theory beause it gives us, together with the
Seiberg-Witten map, a possibility to express the nonommutative elds entering
the theory in terms of the well known ommutative elds. This makes it possible
to read o expliitly the orretions to the ommutative theory predited by the
nonommutative one. The whole formalism was developed for a speial star prod-
ut, the Moyal-Weyl star produt, and it is neessary to ask the question whether
a dierent star produt leads to a dierent physial theory. Sine a star produt
orresponds to an ordering presription, we are led diretly to the question of how
far a hange of the ordering presription aets the physial theory.
In fat, we will see that for a large lass of ordering presriptions the theories
are physially equivalent in the sense that all those theories lead to the same
ation. In partiular this is the ase for the usually used star produts, the
Moyal-Weyl produt orresponding to the symmetri ordering presription and
the normal ordered star produt. Nonetheless, arbitrary star produts will in
general lead to dierent ations and thereby to dierent physial theories.
We do not want to repeat in all detail the formalism onstruted in [5, 4℄,
presuming that the general ideas are known. Hene, we will only present the
essential ideas. Nonetheless, we want to explain in detail the onepts that will
be important within the framework of this thesis starting with the notions of
ordering and star produt.
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1.1 Ordering and Star Produts
In this setion we want to explain what we mean by an ordering presription,
what a star produt is and how a ertain ordering presription orresponds to a
star produt. It will be a mixture of well known denitions and fats (see for
example [10℄ or [11℄) with some new results in the appliation on the ase of a
onstant Poisson tensor.
1.1.1 About Ordering
Underlying all our onsiderations is the following nonommutative algebra of spae
time generated by the elements xˆµ, to whih we want to refer as oordinates,
satisfying the relations
[xˆµ, xˆν ] = ihθµν , h, θµν ∈ R , (1.1)
i.e. the algebra
Anc ≡ C〈〈xˆ
0, xˆ1, xˆ2, xˆ3〉〉/({[xˆµ, xˆν ]− ihθµν}) , (1.2)
where Greek indies are to be understood in the whole hapter as elements of the
set {0, 1, 2, 3}1, if nothing else is indiated. We additionally want to assume that
θµν is non-degenerated. Furthermore, we have the well known four dimensional
spae of ommutative oordinates xµ,
[xµ, xν ] = 0 , (1.3)
generating the algebra
Ac ≡ C[[x
0, x1, x2, x3]] . (1.4)
We want to all a map ρ from Ac to Anc an ordering presription
2
if
• ρ : Ac → Anc is a vetor spae isomorphism,
• ρ(1) = 1 and
• ρ approahes the identity for h→ 0, i.e. ρ = id +O(h).
Obviously, we have a big freedom in onstruting ordering presriptions. Let us
illustrate that by giving two examples: the normal ordering and the symmetri
ordering.
1
Considerations made in this hapter are true for higher dimensions as well.
2
We do not want to understand an ordering presription as simple ordering the oordinates
in a speial way but admit more general isomorphisms as well. One ould have said quantization
instead of ordering presription, too.
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(a) The normal ordering
We dene a vetor spae isomorphism
ρn : Ac → Anc
on the basis of monomials by
(x0)i(x1)j(x2)k(x3)l 7→ (xˆ0)i(xˆ1)j(xˆ2)k(xˆ3)l for i, j, k, l ∈ N . (1.5)
This ordering presription we want to all normal ordering.
(b) The symmetri ordering
We an dene another vetor spae isomorphism
ρs : Ac → Anc
by assigning any monomial of the variables x0, x1, x2, x3 to its totally symmetri
ounterpart, i.e. for example
1 7→ 1 (1.6)
(xµ)k 7→ (xˆµ)k
xµxν 7→
xˆµxˆν + xˆν xˆµ
2
(xµ)2xν 7→
(xˆµ)2xˆν + xˆµxˆν xˆµ + xˆν(xˆµ)2
3
. . .
This ordering presription we want to all symmetri ordering.
Of ourse it is possible to onstrut arbitrarily many other ordering presrip-
tions. But in the following we will often ome bak to these important examples
to illustrate our ideas and results.
While the nonommutative algebra Anc and the ommutative algebra Ac an
impossibly be isomorphi as algebras, we use a vetor spae isomorphism ρ to
transfer the multipliative struture of Anc onto Ac. We then obtain a new prod-
ut, alled star produt (or ⋆-produt).
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1.1.2 Star Produts
Star produts are usually dened on Poisson manifolds [11, 10℄. Taking the smooth
funtions on a manifold we get an algebra that we an deform by means of a star
produt. Here we want to take an analogous way but do not want to abandon the
onept of formal power series in the oordinates and do not want to speak about
smooth funtions on a manifold. This would diret our attention to problems that
are of seondary interest for the general physial statement and intention of this
thesis. Therefore we want to introdue star produts for Poisson algebras, where
a Poisson algebra is an assoiative algebra A together with a Poisson-braket. A
Poisson braket on an algebra A in turn is dened as a bilinear map
{·, ·} : A×A → A
satisfying
(i) {f, g} = −{g, f} for all f, g ∈ Ac (Anti-symmetry)
(ii) {{f, g}, h}+ {{h, f}, g}+ {{g, h}, f} = 0 (Jaobi-identity)
(iii) {f, gh} = {f, g}h+ g{f, h} (Leibniz-rule).
If we dene
{f, g} := θµν(∂µf)(∂νg) ,
it is easy to see that {·, ·} is a Poisson braket for Ac in the sense of the above
denition. The tensor θ is alled a Poisson tensor for Ac. It is an antisymmetri
tensor beause of (i) and satises (ii) and (iii).
(a) Denition and Remarks
The deformation theory of assoiative algebras was rst studied by Gerstenhaber
[12℄. A formal deformation of a Poisson algebra an be dened as follows:
Denition 1. Let (A, {·, ·}) be a Poisson algebra. We all a C[[h]]-bilinear map
⋆ : A[[h]]×A[[h]]→ A[[h]]






This is always possible.
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with C-bilinear maps Mr : A×A → A a star produt (or ⋆-produt) for (A, {·, ·})
if for all f, g, h ∈ A the following holds:
(i) f ⋆ (g ⋆ h) = (f ⋆ g) ⋆ h (assoiativity)
(ii) M0(f, g) = fg (deformation of the ommutative produt)
(iii) M1(f, g)−M1(g, f) = i{f, g} (deformation in diretion of {·, ·})
(iv) f ⋆ 1 = f = 1 ⋆ f .
A star produt that satises for all f, g ∈ A[[h]] the ondition
f ⋆ g = g ⋆ f,
is alled a hermitian star produt (here the bar denotes the usual omplex onju-
gation on C).
Similar to this denition, star produts are dened on a Poisson manifold M
taking as algebra the algebra of smooth funtions C∞(M) [11, 10℄.
As we see, a star produt is a deformation of the ommutative produt assur-
ing that the nonommutative theory we establish approahes in the semi-lassial
limit h → 0 the usual ommutative physial theory. The third ondition gives
the analog to the quantum mehanial priniple of orrespondene: The Poisson




[Uˆ , Vˆ ] in the lassial limit. In our setting, the
nonommutative algebra of quantum mehanial observables is replaed by the
nonommutative algebra of funtions on nonommutative spae time.
Having speied what we want to demand from a star produt to assure physi-
al interpretation, we disuss how to obtain ⋆-produts satisfying these properties.
Using an ordering presription ρ : Ac → Anc with ρ(1) = 1 (for example ρn or
ρs given above), we an dene a produt for f, g ∈ Ac by pulling bak the non-
ommutative produt of the algebra Anc onto the algebra Ac:
f ⋆ g := ρ−1(ρ(f) · ρ(g)) . (1.7)
We want to interpret f ⋆ g as a formal power series in the deformation parameter
h
f ⋆ g ∈ Ac[[h]] ,
suh that we obtain by (1.7)
(Ac[[h]], ⋆) ∼= (Anc[[h]], ·) (1.8)
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as algebras.
We laim that the produt ⋆ dened in (1.7) atually is a star produt on
Ac[[h]] in the sense of Denition 1. To see this, we have to hek some properties:
(i) Assoiativity follows sine multipliation in Anc is assoiative:
f ⋆ (g ⋆ h) = ρ−1(ρ(f) · ρ(ρ−1(ρ(g) · ρ(h))))
= ρ−1(ρ(f) · (ρ(g) · ρ(h))
= ρ−1((ρ(f) · ρ(g)) · ρ(h)) = (f ⋆ g) ⋆ h .
(ii) By denition an ordering presription ρ approahes for h → 0 the
identity suh that we have ρ = id+O(h). This yields with (1.7) that
f ⋆ g = fg +O(h).
(iii) Write f ⋆ g =
∑
hrMr(f, g) with Mr : Ac × Ac → Ac and dene
{f, g}
′
:= −i(M1(f, g)−M1(g, f)). We laim that {·, ·}
′
is a Poisson
braket: It is obviously antisymmetri and to see that the Leibniz rule
and the Jaobi identity are satised we have to use a property the
maps Mr possess derived from the fat that ⋆ is assoiative as shown
in (i): We have
f ⋆ (g ⋆ k) = (f ⋆ g) ⋆ k
⇔ f(gk) + h(M1(f, gk) + fM1(g, k))
+h2(M1(f,M1(g, k)) + fM2(g, k)−M2(f, gk)) +O(h
3)
= (fg)k + h(M1(fg, k) +M1(f, g)k)
+h2(M1(M1(f, g), k) +M2(f, g)k −M2(fg, k)) +O(h
3)
⇒ M1(f, gk) + fM1(g, k) = M1(fg, k) +M1(f, g)k
and M1(f,M1(g, k)) + fM2(g, k)−M2(f, gk)
= M1(M1(f, g), k) +M2(f, g)k −M2(fg, k)
Using those two properties for M1 a longer but easy alulation shows
that {·, ·}
′
satises the Leibniz rule and the Jaobi identity so that
{·, ·}′ dened as above is indeed a Poisson braket. Sine all Poisson
brakets on Ac are of the form
{f, g} = αµν(x)(∂µf)(∂νg)
with αµν antisymmetri (this follows from the Leibniz rule and the Ja-
obi identity), we an onlude that atually {f, g}
′
= αµν(x)(∂µf)(∂νg)
for funtions αµν(x). Now we use that ⋆ is dened by means of an
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ordering presription ρ. As an ordering presription, ρ goes to the
identity for h→ 0. Therefore we have ρ(xµ) = xˆµ +O(h). Moreover,




ν , xµ)) = π1(x















ν) = αµν(x) .
Hene, we an onlude that αµν(x) = θµν and therefore we get
(M1(f, g) − M1(g, f)) = i{f, g}
′
= iθµν(∂µf)(∂νg), whih is exatly
what we wanted to show.
(iv) f ⋆ 1 = ρ−1(ρ(f) · 1) = f = ρ−1(1 · ρ(f)) = 1 ⋆ f .
Let us summarize what we learned so far: Starting with an arbitrary ordering
presription ρ : Ac → Anc we get by (1.7) a star produt ⋆ on Ac suh that
(Ac, ⋆) is isomorphi as algebra to Anc. Then the question arises immediately,
whether all existing star produts orrespond to an ordering presription. To
answer this question we rst have to be able to lassify star produts. That is
why we want to ontinue by introduing the notion of equivalene.
Remark: By the above proof we showed in partiular the existene of star produts
for Ac[[h]]. In the setting of a general Poisson manifold the question of existene
is muh more diult. Nevertheless, it is known that there exist star produts for
any Poisson manifold [13℄.
(b) Equivalene of Star Produts
Denition 2. Two star produts ⋆ and ⋆
′
for Ac[[h]] are alled equivalent if there
exists a formal series
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of linear operators Sk : Ac → Ac suh that for all f, g ∈ Ac
f ⋆
′
g = S−1(S(f) ⋆ S(g)) and S(1) = 1 . (1.10)
S is alled equivalene transformation from ⋆ to ⋆′ and for hermitian star produts
we also require that for all f ∈ Ac
S(f) = S(f) .
Let us remark that this notion of equivalene indeed denes an equivalene
relation. Moreover, we see that we an formulate equivalene in the following way,
too:
Two star produts ⋆ and ⋆
′
are equivalent if and only if (Ac[[h]], ⋆) ∼= (Ac[[h]], ⋆
′
).
We additionally note that by giving an equivalene transformation as in (1.9) we
an onstrut a new star produt dening ⋆
′
as in (1.10), so that to a given star
produt there exist arbitrarily many equivalent ones. Then immediately arises the
question how many equivalene lasses exist. For a sympleti Poisson manifold,
this is a Poisson manifolds with non-degenerated Poisson tensor, the answer is
indeed known (to get a denition of equivalene in the ase of a Poisson manifold
M just substitute in the above denition Ac[[h]] by C
∞(M)) [13, 14℄:
Let M be a sympleti Poisson manifold. Then {[⋆]} ∼= H2dR(M)[[h]] where [⋆]
denotes the equivalene lass of the star produt ⋆.4
In the ase M = Rn then follows that all star produts are equivalent sine
H2dR(R
n) = 0. In our example we do not onsider a Poisson manifold but the
Poisson algebra (Ac, θ
µν). Nevertheless, we an interpret the Poisson tensor θµν
as a Poisson tensor on C∞(R4) and star produts for (Ac[[h]], θ
µν) beome star
produts for the Poisson manifold (R4, θµν). If θµν is non-degenerated, we have
the ase of a sympleti manifold and sine on R4 all star produts are equivalent
this leads us to the following onlusion:
Conlusion 1.
For (Ac[[h]], θ
µν) all star produts are equivalent if θµν is non-degenerated.
Starting with a ertain ordering presription ρ and onstruting the orre-
sponding star produt ⋆ by (1.7), we now know that all star produts that exist
are in fat equivalent to this one. Moreover, we notie that for an arbitrary equiva-
lene transformation S, ρ
′
:= ρ◦S again is an ordering presription and obviously
we have f ⋆
′







Thus, the answer to the question at the end of (a) is:
4H2
dR
denotes the seond de Rham ohomology.
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Conlusion 2. Every star produt ⋆ for (Ac[[h]], θ
µν) an be obtained by
f ⋆ g = ρ−1(ρ(f) · ρ(g)) ,
where ρ is an ordering presription.5
() Examples for Star Produts
• The symmetri ordering ρs (1.6) leads to the star produt
f ⋆s g = µ ◦ e
1
2
ihθµν(∂µ⊗∂ν)(f ⊗ g) . (1.11)
where µ is to be understood as the multipliation map µ(f ⊗ g) = fg. This
star produt is alled Moyal-Weyl star produt [15, 4℄. Moreover, we see
that ⋆s is a hermitian star produt (see Denition 1): Taking into aount
that θ is antisymmetri and real, we obtain:
f ⋆s g = µ ◦ e
1
2
ihθµν(∂µ⊗∂ν)(f ⊗ g) (1.12)








= g ⋆s f .
• The normal ordering ρn (1.5) leads to the star produt
f ⋆n g = µ ◦ e
ihmµν(∂µ⊗∂ν)(f ⊗ g) , (1.13)
where mµν := aµνθµν (no summation!)with aµν :=
{
0, µ ≤ ν
1, µ > ν
.
• Let me introdue the following more general star produt:
f ⋆k g := µ ◦ e
ihmµν (∂µ⊗∂ν)(f ⊗ g) , (1.14)
where mµν := kµνθµν with kµµ = 0 and kµν + kνµ = 1 for µ 6= ν.
It is easy to hek that ⋆k is a star produt in the sense of Denition 1. As
we know from Conlusion 2, we an obtain ⋆k by an ordering presription.
6
5
In partiular, every star produt renders Ac isomorphi to Anc. In the general ase of a
non-onstant Poisson tensor this is not true.
6
In general this is not unique.
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To get an impression of how suh an ordering presription looks like, we
alulate expliitly for µ 6= ν:
xµ ⋆k x
ν = xµxν + ihmµν and xν ⋆k x
µ = xνxµ + ihmνµ
and therefore
kνµ(xµ ⋆k x
ν) + kµν(xν ⋆k x
µ) = (kµν + kνµ)xµxν + ihkµνkνµ(θµν + θνµ)
= xµxν , (1.15)
where the last equality follows beause θ is antisymmetri and beause kµν+
kνµ = 1.
With (1.15) we nd that an ordering presription ρk : Ac → Anc whih
starts with the assignments
1 7→ 1 (1.16)
xµ 7→ xˆµ
xµxν 7→ kνµxˆµxˆν + kµν xˆν xˆµ
. . .
leads to the star produt ⋆k. Below we will derive an equivalene transfor-
mation Tk from ⋆s to ⋆k suh that the entire ordering presription is given
by ρk = ρs ◦ Tk. We see that we must require k
µν + kνµ = 1 suh that
ρk equals the identity map for h = 0. The star produt ⋆k is obviously





, µ 6= ν
0, µ = ν
and ⋆n for k
µν = aµν as in (1.13).
(d) Example for Equivalene
Can we nd an expliit equivalene transformation Tk (see Denition 2) to pass
over from the usually used Moyal-Weyl produt ⋆s to the more general star produt
⋆k? We already know that suh a Tk exists beause of Conlusion 1 and the
following Lemma provides it expliitly.
Lemma 1. The star produts ⋆s dened in (1.11) and ⋆k dened in (1.14) are
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where mµν := kµνθµν (no summation!).7
Proof. We have to prove that Tk(f ⋆k g) = Tk(f) ⋆s Tk(g) for all f, g. For this
purpose we have to know how to ommute the multipliation map µ with the
operator Tk. In this regard the following equation, nothing else than the Leibniz
rule written in tensor notation, turns out to be very useful:
mµν∂µ∂ν ◦µ = µ ◦ (m




Using this ommutation relation we an write
Tk(f ⋆k g) = e
− i
2
hmµν∂µ∂ν ◦ µ ◦ eihm
µν(∂µ⊗∂ν)(f ⊗ g)









































= Tk(f) ⋆s Tk(g) ,
where we used in the third line that partial derivatives ommute with eah other,
in the fth that mµν = kµνθµν = (1 − kνµ)θµν sine kµν + kνµ = 1 if µ 6= ν and
in the next to last line again that mµν = kµνθµν . Furthermore, we used that θ
is an antisymmetri tensor. The last equation follows diretly from the expliit
expression of ⋆s given in (1.11). This proves the lemma.
We have nished our disussion of orderings and star produts and proeed to
study how far the gauge theory developed in [4, 5, 7℄ for the star produt ⋆s is
aeted if we take a dierent star produt.
7
Compare with [10℄ where quantum mehanis is onsidered as an example for deformation
quantization.
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1.2 Gauge Field Theory in the Case of a onstant
Poisson Tensor θ
A detailed desription of gauge eld theory in the ase of a onstant Poisson
struture an be found in [5, 4, 7, 16, 17℄. We assume the general ideas to be
known and present in the rst subsetion just a brief summary of results that are
important in our ontext. Then we will rather onentrate on what has to be
modied in the theory if we hange the star produt: We will disuss the issue
of involution and study how the Seiberg-Witten maps depend on the hoie of
the star produt. Finally, in the last subsetion we will disuss how far physial
onsiderations onne the full freedom in hoosing a star produt.
1.2.1 Nonommutative Gauge Field Theory
Matter elds are funtions in Ac and an innitesimal nonommutative gauge
transformations of a matter eld ψˆ is dened as [4℄:8
δψˆ(x) = iΛˆ(x) ⋆s ψˆ(x) (1.18)
and
δxµ = 0 .
Sine multipliation of ψˆ on the left by oordinates is not a ovariant operation,
ovariant oordinates Xˆµ are introdued:
Xˆµ := xµ + Aˆµ , (1.19)
where Aˆµ has to transform as
δAˆµ = −i[xµ ⋆s, Λˆ] + i[Λˆ ⋆s, Aˆµ] (1.20)
to render Xˆµ ovariant.9 If θ is non-degenerated, we an use θ to upper and lower
indies and an dene
Aˆµ =: hθµνAˆν .
The gauge transformation of Aˆν is then given by
δAˆν = ∂νΛˆ + i[Λˆ ⋆s, Aˆν ] , (1.21)
8
Funtions with a hat are indeed to be understood as elements of Ac and not as elements of
Anc. We add the hat to distinguish nonommutative elds and ordinary ommutative elds for
the nonommutative ones will be expressed by the ommutative ones (1.28).
9
This means δXˆµ = i[Λˆ ⋆s, Xˆµ].
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sine we have
− i[xµ ⋆s, f ] = hθµν∂νf (1.22)
for all f . Additionally, a ovariant eld strength and a ovariant derivative are
introdued:
Fˆµν = ∂µAˆν − ∂νAˆµ − i[Aˆµ ⋆s, Aˆν ] (1.23)
Dˆµψˆ = ∂µψˆ − iAˆµ ⋆s ψˆ (1.24)
with
δFˆµν = i[Λˆ ⋆s, Fˆµν ] (1.25)
and
δDˆµψˆ = iΛˆ ⋆s Dˆµψˆ . (1.26)
In the general ase we want to desribe non-abelian gauge eld theories based on
a Lie algebra
[T a, T b] = ifabcT
c .
In the nonommutative setting, however, Λˆ has to lie in the enveloping algebra,
i.e.
Λˆ(x) = Λˆa(x)T
a + Λˆ1ab(x) : T
aT b : + . . .+ Λˆn−1a1...an : T
a1 . . . T an : + . . . , (1.27)
with
: T a : = T a
: T aT b : =
1
2
{T a, T b}





T aπ(1) . . . T aπ(n) .
This is beause the star ommutator of two Lie algebra valued transformation
parameters doesn't lose in the Lie algebra anymore [6℄. On rst glane this seems
to lead to innitely many parameters Λˆn−1a1...an , but the gauge transformations an
be restrited to those whih permit to express these innitely many parameters
by the nitely many ommutative ones. This is done by means of the so alled
Seiberg-Witten maps
Λˆ = Λˆα[Aµ]
Aˆµ = Aˆµ[Aµ] (1.28)
ψˆ = ψˆ[ψ,Aµ] .
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Here, α denotes the ommutative gauge parameter, Aµ the ommutative gauge
eld and ψ the ommutative matter eld. To alulate the expliit dependene of
the nonommutative elds on the ommutative ones we assume that it is possible
to expand Λˆα[Aµ], Aˆµ[Aµ], ψˆ[ψ,Aµ] in the formal deformation parameter h:
Λˆα[Aµ] = α + hΛˆ
1
α[Aµ] + h
2Λˆ2α[Aµ] + . . .
Aˆµ[Aµ] = Aµ + hAˆ
1
µ[Aµ] + h
2Aˆ2µ[Aµ] + . . . (1.29)
ψˆ[ψ,Aµ] = ψ + hψˆ
1[ψ,Aµ] + h
2ψˆ2[ψ,Aµ] + . . . .
Finally, we get the expliit dependene on the ommutative elds by requiring the
following onsisteny ondition
(δαδβ − δβδα)ψˆ = δ−i[α,β]ψˆ
⇔ iδαΛˆβ − iδβΛˆα + [Λˆα ⋆s, Λˆβ] = iΛˆ−i[α,β]
(1.30)
and by requiring that the nonommutative gauge transformations are indued by
the ommutative gauge transformations of the ommutative elds the nonom-
mutative ones depend on:
Λˆα[Aµ] + δΛˆα[Aµ] = Λˆα[Aµ + δAµ]
Aˆµ[Aµ] + δAˆµ[Aµ] = Aˆµ[Aµ + δAµ] (1.31)
ψˆ[ψ,Aµ] + δψˆ[ψ,Aµ] = ψˆ[ψ + δψ, Aµ + δAµ] .
These equations were expliitly solved in [5℄ up to seond order in h for the star
produt ⋆s.
Remark : In [6℄ it is shown that for Λˆ exists a solution where the n-th order of h
orresponds to the n+ 1-th order of T a.
1.2.2 Nonommutative Gauge Field Theory for an arbi-
trary star produt
Instead of the Moyal-Weyl produt ⋆s we an also use every other star produt
that is equivalent to this one. Let T be an equivalene transformation from ⋆s to
⋆, i.e. we have
f ⋆ g = T−1(T (f) ⋆s T (g)) .
Matter elds ψˆ′ are still elements of Ac with the following gauge transformation
law:
δψˆ′(x) = iΛˆ′(x) ⋆ ψˆ′(x) . (1.32)
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We an again introdue ovariant oordinates
Xˆ ′µ := xµ + Aˆ′µ
where Aˆ′ must transform under gauge transformations as
δAˆ′µ = −i[xµ ⋆, Λˆ′] + i[Λˆ′ ⋆, Aˆ′µ] .
If θ is non-degenerated, we an again lower indies using θ as we did in the ase
of the Moyal-Weyl produt and an dene
Aˆ′µ = θµνAˆ′ν .
The transformation law of Aˆ′ν is given by
θµνδAˆ′ν = −i[x
µ ⋆, Λˆ′] + iθµν [Λˆ′ ⋆, Aˆ′ν ] .
New is that in the ase of an arbitrary star produt we do not have that
−i[xµ ⋆, f ] = hθµν∂νf as it is the ase for ⋆s. The reason is that in general
the usual partial derivative ∂ν is not a derivation for (Ac, ⋆), i.e. in general
∂ν(f ⋆g) 6= ∂ν(f)⋆g+f ⋆∂ν(g), whereas the ommutator −i[x
µ ⋆, f ] is a derivation.
Nonetheless, we have:
Remark 1. Let ⋆ be an arbitrary star produt equivalent to ⋆s and let T be the
equivalene transformation from ⋆s to ⋆. Then
∂′µ := T
−1 ◦ ∂µ ◦ T (1.33)
is a derivation for (Ac, ⋆).
Proof. Sine T is an equivalene transformation from ⋆s to ⋆, we have for arbitrary
funtions f, g
∂′µ(f ⋆ g) = ∂
′
µ(T
−1(T (f) ⋆s T (g)))
= T−1 ◦ ∂µ(T (f) ⋆s T (g)) .
As ∂µ is a derivation for (Ac, ⋆s), we obtain
= T−1(∂µ(T (f)) ⋆s T (g) + T (f) ⋆s ∂µ(T (g)))
= T−1(T (∂′µ(f) ⋆s T (g) + T (f) ⋆s T (∂
′
µ(g))
= ∂′µ(f) ⋆ g + f ⋆ ∂
′
µ(g) .
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Furthermore, let us onsider only those star produts, whih orrespond to
an ordering presription that maps all oordinates xµ to their nonommutative
analogs xˆµ.10 Until now, we just demanded ρ(xµ) = xˆµ+O(h) (Subsetion 1.1.1).
In this ase we have
T (xµ) = xµ
and we indeed obtain
−i[xµ ⋆, f ] = hθµν∂′νf .
Proof. We know from Conlusion 1 and Conlusion 2 that ⋆ orresponds to an
ordering presription ρ. One possibility is given by ρ = ρs ◦ T , where ρs is the
symmetri ordering presription (1.6), sine obviously
ρ−1(ρ(f) ◦ ρ(g)) = T−1 ◦ ρ−1s (ρs(T (f)) ◦ ρs(T (g)) = T
−1(T (f) ⋆s T (g)) = f ⋆ g .
If we require as above that ρs ◦ T (x
µ) = ρ(xµ) = xˆµ = ρs(x
µ), this yields T (xµ) =
xµ.
In this ase we have beause of (1.22) and (1.33)
−i[xµ ⋆, f ] = −iT−1[T (xµ) ⋆s, T (f)] = −iT−1[xµ ⋆s, T (f)]
= T−1(θµν∂νT (f)) = θ
µν∂′νf .




′ + i[Λˆ′ ⋆, Aˆ′ν ] . (1.34)
Analogously, the eld strength and the ovariant derivative for an arbitrary
star produt ⋆ read


















δFˆ ′µν = i[Λˆ
′ ⋆, Fˆ ′µν ] (1.36)
and
δDˆ′µψˆ
′ = iΛˆ′ ⋆ Dˆ′µψˆ
′ . (1.37)
Now we an proeed as done for the star produt ⋆s in the previous subsetion and
express the nonommutative elds in terms of the ommutative ones by means
of the Seiberg-Witten maps for the star produt ⋆. A solution for those Seiberg-
Witten maps is given later.
10
If we assign to oordinates the dimension of length, this is a physial requirement whih
guarantees that the dimension is preserved.
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1.2.3 Nonommutative Gauge Theory and Involution
Denition and Examples
A *-involution (Don't mix up * and ⋆ !) of an algebra A is an anti-linear map
suh that for all a ∈ A
(ab)∗ = b∗a∗ and (a∗)∗ = a .
Now we make an important observation:
Ac together with the symmetri star produt ⋆s admits the usual omplex on-
jugation as involution. We have already given the proof in Subsetion 1.1.2 (),
where we heked that ⋆s is a hermitian star produt (see (1.12)). On the other
hand it an be immediately shown that for (Ac, ⋆n) the omplex onjugation is
not an involution (the omplex onjugation is not even an involution for (Ac, ⋆k)
whenever ⋆k 6= ⋆s (f. (1.14))).
The question arises how we an nd an involution i⋆ for an arbitrary star
produt ⋆. The following proposition gives the answer.
Proposition 1. We get an involution for (Ac, ⋆) by dening
i⋆ := T
−1 ◦ · ◦ T , (1.38)
where · denotes the ordinary omplex onjugation and T is the equivalene trans-
formation from ⋆s to ⋆ (whose existene is guaranteed by Conlusion 1).
Proof. Let be f, g ∈ Ac arbitrary. With the denition of i⋆ (1.38), by using that
T is an equivalene transformation and beause · is an involution for ⋆s we obtain
i⋆(f ⋆ g) = T
−1 ◦ · ◦ T (T−1(T (f) ⋆s T (g)))
= T−1(T (f) ⋆s T (g))
= T−1(T (g) ⋆s T (f))
= T−1(T (T−1 ◦ · ◦ T (g)) ⋆s T (T
−1 ◦ · ◦ T (f)))
= i⋆(g) ⋆ i⋆(f) .
Obviously i2⋆(f) = f is satised, too and i⋆ is an involution in the sense of the
denition given above.
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The Gauge Invariant Matter Field Term
We still haven't dened a gauge invariant ation. For the Moyal-Weyl produt ⋆s
















where ψˆ := ψˆ†γ0 denotes the adjoint matter eld. Let us look at this ation: In
analogy to the ommutative ase we want to obtain a gauge invariant expression
ψˆ ⋆s ψˆ . (1.40)
Sine




δ(ψˆ ⋆s ψˆ) = −iψˆ ⋆s Λˆ
† ⋆s ψˆ + iψˆ ⋆s Λˆ ⋆s ψˆ
= iψˆ ⋆s (Λˆ− Λˆ
†) ⋆s ψˆ
and therefore
δ(ψˆ ⋆s ψˆ) = 0
⇔ Λˆ = Λˆ† .
This may seem to be trivial but in fat (1.41) is only true beause ⋆s is a hermitian
star produt (1.12) and thereby
(Λˆ ⋆s ψˆ)
† = ψˆ† ⋆s Λˆ
† . (1.42)
We want to demand Λˆ to be hermitian, i.e.
Λˆ = Λˆ† , (1.43)
in analogy to the ommutative ase suh that (1.40) is indeed gauge invariant.
Let us reall that in ontrast to the ommutative ase Λˆ does not lie in the Lie
algebra but in the enveloping algebra. If we use a basis of the enveloping algebra
that is totally symmetri with respet to the hermitian Lie-algebra generators T a
and write Λˆ as in (1.27), we apparently obtain
Λˆ = Λˆ†
⇔ Λˆn−1a1...an = Λˆ
n−1
a1...an
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for all n, where the bar denotes the usual omplex onjugation. Thus, Λˆ is her-
mitian if all oeient funtions are real.
If we want to use an arbitrary star produt we have to adjust the hermitiity
ondition sine the omplex onjugation in general will not be an involution and
therefore (1.42) will not hold. Let us dene the star-dagger
†⋆ := (i⋆(·))
tr , (1.44)
where i⋆ denotes the involution given in Conlusion 1 that orresponds to an
arbitrary star produt ⋆. Let us denote by ψˆ′ the matter eld for the ase where
we use ⋆. Then, we want to dene the adjoint matter eld
ad⋆(ψˆ







′) ⋆ ψˆ′ is to be gauge invariant for an arbitrary star produt,
i.e.
δ(ad⋆(ψˆ
′) ⋆ ψˆ′) = 0
⇔ δad⋆(ψˆ
′) ⋆ ψˆ′ + ad⋆(ψˆ
′ ⋆ δψˆ′ = 0
⇔ −i ad⋆(ψˆ
′) ⋆ (Λˆ′)†⋆ ⋆ ψˆ′ + i ad⋆(ψˆ
′) ⋆ Λˆ′ ⋆ ψˆ′ = 0
⇔ i ad⋆(ψˆ
′) ⋆ (Λˆ′ − (Λˆ′)†⋆) ⋆ ψˆ′ = 0
⇔ Λˆ′ = (Λˆ′)†⋆ .
Hene, we demand the hermitiity ondition
Λˆ′ = (Λˆ′)†⋆ . (1.46)
Can we nd a onnetion between Λˆ′ and Λˆ, the gauge parameter for ⋆s? Having













⇔ (T−1Λˆ)†⋆ = T−1Λˆ ,
where we used the denition of the involution i⋆ for an arbitrary star produt
given in Proposition 1. Dening
Λˆ′ := T−1Λˆ , (1.47)
32 1. Inuene of the Ordering Presription in the Case θ = const.
Λˆ′ atually satises (1.46) and therefore ad⋆(ψˆ
′) ⋆ ψˆ′ beomes gauge invariant.
Remark: The gauge parameter Λˆ′an be expressed in terms of the ommutative
elds by solving the Seiberg-Witten equations (1.31), whih in fat depend on the
hoie of the star produt, too. In the next subsetion we will show that (1.47) is
atually onsistent with the results we get this way.
1.2.4 Seiberg-Witten Map for Arbitrary Star Produts
It is onvenient to start determining Λˆα[Aµ] by means of the onsisteny ondition
(1.30). We an put the expansion (1.29) in the onsisteny relation (1.30) and solve
the equation order by order. We see that the onsisteny ondition (1.30) ontains
a ⋆. It therefore depends on the speial hoie of a star produt (remember that
Λˆ lies in the enveloping Lie algebra so that [Λˆα ⋆, Λˆβ] depends on the star produt
⋆ even to rst order in h). The solution to zeroth order is the ommutative
gauge parameter α whereas for higher orders we obtain dierential equations that
depend on the hoie of the star produt.
For the Moyal-Weyl produt the equation and the solution for the rst order is
given in [5℄. We are not interested in the expliit form of equations and solutions
but just want to expand the solution in orders of h
Λˆsα[Aµ] = α+ hΛˆ
s,1
α [Aµ] + h
2Λˆs,2α [Aµ] + . . . ,
where s stands for symmetri. We don't want to speify these equations but treat
the problem generally. Of ourse it is possible to solve the equations expliitly
order by order if one xes a star produt, but with the knowledge we have gathered
so far we an give a solution a lot more elegantly and in full generality. So let
⋆ in (1.30) be an arbitrary star produt. As we know, ⋆ is equivalent to the
Moyal-Weyl produt ⋆s (Conlusion 1) and we want to denote the equivalene
transformation from ⋆s to ⋆ by T . Thus,
f ⋆ g = T−1(T (f) ⋆s T (g)) . (1.48)
With this input we get:
Proposition 2. If Λˆsis a solution of the onsisteny ondition (1.30) for ⋆s then
T−1(Λˆs) is a solution of the onsisteny ondition for ⋆.
Proof. To show that T−1(Λˆs) satises the onsisteny ondition for ⋆ given in
(1.30), we will redue the problem to the onsisteny ondition for ⋆s suh that
we an make use of the fat that Λˆs is a solution. This an be done using that T
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whih proves the laim.
We emphasize that this result is exatly what we got at the end of the previous
subsetion to guarantee an invariant matter eld term in the Lagrangian (f.
(1.47)).
This is a nie result: Obviously we an immediately give a solution for the
onsisteny ondition (1.30) for an arbitrary star produt if we know it for ⋆s
(this is known up to seond order) and if we know T (whereas this indeed an be
a problem).
Let us ontinue with searhing a solution for ψˆ and Aˆµ. If we write out the left
hand sides of the Seiberg-Witten equations introdued in (1.31), we get with the
gauge transformation laws (1.32) and (1.34) the following star produt-dependent
equations
ψˆ[ψ,Aµ] + δψˆ[ψ,Aµ] = ψˆ[ψ,Aµ] + iΛˆα[Aµ] ⋆ ψˆ[ψ,Aµ]





where ∂′µ was introdued in Remark 1. Again we an take the expansions of
ψˆ[ψ,Aµ] respetively Aˆµ[Aµ] in orders of h (1.29) and solve the Seiberg-Witten
equations order by order for a xed star produt. This was also done up to seond
order in [5℄ for ⋆s. With this solution we then obtain:
Proposition 3. If ψˆsand Aˆsµ are a solution of the Seiberg-Witten equations (1.49)
for ⋆s then T
−1(ψˆs) and T−1(Aˆsµ) are a solution for the Seiberg-Witten equations













We used as in the previous proof that T is an equivalene transformation from
⋆s to ⋆ and that the Seiberg-Witten equation is satised by ψˆ
s[ψ,Aµ] for the star
produt ⋆s. With Proposition 2 we see that T
−1(ψˆs[ψ,Aµ]) is a solution for (1.49).
















where we used in the last step that for ∂′µ (1.33) holds that T





Thus, if we dene Aˆ′µ = T−1Aˆµs we obtain with Proposition 2 and the gauge





Having studied star produts and its properties enabled us to get easily these
general results for the solution of the Seiberg-Witten map. Knowing that, we an
now treat the problem of how far physis hanges with the hange of the star
produt.
1.2.5 Physis and the Choie of the Star Produt
The Ation
The nonommutative gauge eld theory permits to write down a gauge-ovariant
Lagrangian and an invariant ation (1.39) using the Moyal-Weyl produt ⋆s.
11
In










trFˆ ′µν ⋆ Fˆ
′µν + ad⋆(ψˆ




The ruial question is whether this ation diers from (1.39). If the ation does
not hange, the equations of motion will not hange and physis will be unaeted
by a hange of the star produt. But if it hanges we will get dierent physial
preditions. The following onlusion states how the ation is aeted.
11
See below for gauge invariane.
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Conlusion 3. Let Ss and Ls be a nonommutative Yang-Mills ation and La-
grangian that orrespond to a solution of the Seiberg-Witten maps for the Moyal-
Weyl produt ⋆s. Let ⋆ be another star produt equivalent to ⋆s by means of the
equivalene transformation T (from ⋆s to ⋆). Then we get a Yang-Mills ation




respetively, that orrespond to a solution








Proof. We want to understand any matter eld and eld strength written with a
prime as a solution of the Seiberg-Witten maps for the star produt ⋆. We obtain
beause of f ⋆ g = T−1(T (f) ⋆s T (g)), beause of Proposition 2 and Proposition 3











The equation (1.51) then follows from the denition of the ation (1.39) respe-
tively (1.50) using one again that f ⋆ g = T−1(T (f) ⋆s T (g)).
Let us omment on this result: As an equivalene transformation, T (and
therefore T−1 as well) starts in zeroth order with the identity. Therefore we always
reover for any star produt to zeroth order the ommutative theory. Changes
an only our in higher orders of h . To get a better feeling for what happens,
let us onsider for instane ⋆k (1.14) that we introdued in Subsetion 1.1.2 ()

























d4xLs = Ss ,
(1.52)
sine for non-zero orders we integrate partial derivatives of Ls over the whole
spae whih, assuming that elds vanish in innity, equals zero.
Usually, an equivalene transformation is dened to be a dierential operator
in all orders of h. In this ase the two ations S ′ and Ss in Conlusion 3 are
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atually always equal if the equivalene transformations T onsists in all orders of
h of purely C-linear ombinations of partial derivatives (a non-onstant oeient
would spoil this property). In this ase, as a matter of fat, physis does not
hange. But it is not diult to nd an ordering presription for whih the
orretions of the ation to non-zeroth order in h do not vanish. We just have to
take any ordering presription that in a non-zeroth order ontains non-onstant
oeients. Nevertheless, there is a physial reason why we shall not allow star
produts in full arbitrariness for our theory: the gauge invariane priniple.
Gauge Invariane
Gauge invariane is a fundamental onept of our theory. Knowing the ovariant
transformation laws (1.26) and (1.25) respetively (1.36) and (1.37), invariane of
the Yang-Mills ation is only guaranteed if the integral satises the so alled trae
property, i.e. if the integral is yli
∫
d4x f ⋆ g =
∫
d4x g ⋆ f (1.53)
for all f, g. In the usually onsidered ase, where the Moyal-Weyl produt is used,
this property is given. We even have
∫




d4x g ⋆s f .
This an be seen by means of partial integration. Again by partial integration it
is not diult to hek that all the star produts ⋆k satisfy∫
d4x f ⋆k g =
∫
d4x g ⋆k f ,
too.
Obviously, if we do not want to loose the onept of an invariant ation, we are
fored to aept only star produts that satisfy the trae property (1.53). Those
star produts we want to all star produts with trae property.
Let T be an equivalene transformation from ⋆s to a star produt ⋆. Let us
summarize whih onditions we need to get equivalent physial theories in the
end:
(i) ⋆ must be a star produt with trae property, i.e.:
∫
d4x f ⋆ g =∫
d4x g ⋆ f for all f, g.
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d4xLs = Ss (f. Conlusion 3).
If the equivalene transformation T onsists in all orders of purely C-linear om-
binations of partial derivatives, the property (ii) is satised as we saw above. In
this ase we obtain, assuming as always that funtions vanish at innity, that also
the rst property is satised:∫
d4x f ⋆ g =
∫
d4xT−1(T (f) ⋆s T (g))
=
∫
d4xT (f) ⋆s T (g)
=
∫
d4xT (g) ⋆s T (f)
=
∫
d4xT−1(T (g) ⋆s T (f))
=
∫
d4x g ⋆ f ,
where we used in the third line that ⋆s is a star produt with trae property.
In partiular, the transformations Tk, whih we introdued in Lemma 1, are of
this type. Hene, in partiular the normal ordered star produt, that is sometimes
used instead of the symmetri ordered one, satises both onditions.
However, the rst ondition, whih reets a physial demand on the set of
star produts, does not imply the seond one. Thus, the requirement of trae
property is not suient to guarantee that all onsidered star produts lead to
the same ation.
The question remains, whether there exists another physial reason that
onnes the set of arbitrary star produts to those that nally obey (ii) as well.
An answer may be found by restriting the set of allowed ordering presriptions.
Until now, an ordering presription was just dened as a vetor spae isomorphism
with ρ(1) = 1 that approahes the identity for h → 0. We reall that we already
demanded ρ(xµ) = xˆµ in Subsetion 1.2.2. Nevertheless, in this generality ordering
presriptions still are not physial. Giving the oordinates the dimension of
length, we would like to obtain the same dimensions for the preimages and images
of ρ. This implies ρ to be homogeneous. The presumption is, that if we demand
an ordering presription ρ to be additionally homogeneous in all oordinates, that
means ρ is to preserve the degree of all oordinates, the orresponding equivalene
transformation T with ρ = ρs ◦ T then ends up to onsist in all orders of h of
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C−linear ombinations of partial derivatives.12 Ordering presriptions that we
would understand to be physial then are atually those whih just order the
oordinates in a speial way. As we disussed above, star produts orresponding
to those ordering presriptions then lead all to the same ation as the symmetri
star produt does.
12
The idea is to use the fat that for a monomial f ordering ρ(f) suh that we get a linear
ombination of symmetri ordered monomials is done by ommuting oordinates. But ommut-
ing two oordinates xˆµ and xˆν in turn an be ahieved by applying θµν∂µ∂ν suh that T will
onsist of linear ombinations of suh ontributions
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Chapter 2
Gauge Field Theory on the
Eq(2)-Symmetri Plane
In this hapter we will treat a nonommutative spae with Eq(2)−symmetry. By
Eq(2) we denote the q−deformed Eulidean group on the two dimensional spae
(or more preisely the q−deformed algebra of funtions on the two dimensional
Eulidean group E(2)). This is a simple example whih allows us to study how
gauge eld theory an be implemented on q−deformed spaes, disussing the
general diulties we meet and giving possible solutions. The onsiderations in
this hapter are kept general as far as possible so that this work may be generalized
to other q−deformed spaes as well.
This hapter is divided into three setions. In the rst setion, we briey intro-
due the quantum group Eq(2) and the Eq(2)−symmetri plane that is underlying
the following onsiderations. In the seond setion, we develop gauge eld theories
on the Eq(2)-symmetri plane based on a generalization of the theory developed
for the ase of a onstant Poisson struture θ (f. Chapter 1 and referenes within).
We onsider innitesimal gauge transformations of matter elds in full analogy
to the ommutative theory, i.e. taking the transformation law of ommutative
matter elds and replaing the ordinary, ommutative multipliation by a onve-
nient star produt that reets the algebrai properties of the nonommutative
Eq(2)−symmetri plane. In a seond step, we introdue ovariant oordinates and
a gauge eld A. The problem arises that we annot simply lower indies using θ
as in Chapter 1, sine a non-onstant θ in general spoils ovariane. A solution
is found by introduing the ovariantizer D [9℄. Furthermore, this approah
allows us to apply the onept of the Seiberg-Witten maps on our nonommuta-
tive plane. Thus, even for this q−deformed spae, the nonommutative funtions
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an be expressed in terms of the ommutative ones. This makes it possible to
alulate expliitly the orretions to the ommutative theory in the rst order
of the deformation parameter, whih this nonommutative theory implies. This
is done at the end of the seond setion. Unfortunately, it turns out that the
approah we have hosen in this setion leads to a theory that is not ovariant
with respet to Eq(2)-transformations of the spae. The problem is the hoie of
the integral: the invariane priniple fores us to introdue an integral with trae
property that is not invariant under Eq(2)-transformations. But, starting with a
q−deformed plane possessing a quantum group symmetry, we would like to set up
a theory that is ovariant with respet to this symmetry transformations. We try
to establish suh a theory in the third setion, this time putting priority on the
Eq(2)−symmetry. First we onstrut an Eq(2)−invariant integral. As we will see,
this integral in turn looses the trae property. In a seond step we introdue an
Eq(2)−ovariant dierential alulus, making it possible to speak about ovariant
one- and two-forms. Diulties appear when introduing gauge transformations:
As the integral is not yli anymore, gauge transformations annot be dened
by usual onjugation with an unitary element but we have to adjust them some-
how. We have to dene q−deformed gauge transformations that permit to get
a gauge invariant ation. Regrettably, we loose in this approah the onept of
Seiberg-Witten map, at least at the moment we do not know how to onvey it to
this setting. Nevertheless, future work ould go in this diretion, establishing a
Seiberg-Witten map for the Eq(2)− ovariant theory...
2.1 Eq(2) and the Eq(2)−Symmetri Plane
In lassial physis we have a Lie group ating on a vetor spae. Sine a Lie group
annot be deformed (the set of semi-simple Lie groups is a disrete set), one has
to onsider the algebra of funtions on the onsidered vetor spae. For the ation
of a Lie group on a spae is equivalent to onsidering the algebra of funtions on
the Lie group oating on the algebra of funtions on the spae. Those algebras
of funtions, both on the Lie algebra and on the spae, an be deformed. The
resulting objets are Hopf algebras. First non-trivial examples of Hopf algebras
were for instane introdued by Faddeev, Reshetikhin and Takhtadjan [18℄. Thus,
in the nonommutative realm, the ation of a Lie group beomes the oation of
the orresponding deformed Hopf algebra on the deformed algebra of funtions on
the spae.
We start introduing the generators n, v, n¯, v¯ of the quantum group Eq(2) with
their dening relations and struture maps [19℄
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vv¯ = v¯v = 1 nn¯ = n¯n vn = qnv
nv¯ = qv¯n vn¯ = qn¯v n¯v¯ = qv¯n¯
∆(n) = n⊗ v¯ + v ⊗ n ∆(v) = v ⊗ v ∆(n¯) = n¯⊗ v + v¯ ⊗ n¯
∆(v¯) = v¯ ⊗ v¯ ε(n) = ε(n¯) = 0 ε(v) = ε(v¯) = 1
S(n) = −q−1n S(v) = v¯ S(n¯) = −qn¯ S(v¯) = v
(2.1)
where q ∈ R.




θ θ¯ = θ t = nv t¯ = v¯n¯ (2.2)
(note that v is unitary and an therefore be parametrized by a hermitian element)
the oprodut of t and t¯ reads
∆(t) = t⊗ 1 + eiθ ⊗ t ∆(t¯) = t¯⊗ 1 + e−iθ ⊗ t¯ . (2.3)
A Hopf algebra H oating on an algebra A means that algebra is a left (or
right) H-omodule algebra:
Denition 3. A left oation of a Hopf algebra H on an algebra A is a linear
mapping ̺
ρ : A −→ H ⊗ A
(2.4)
satisfying
(id⊗ ρ) ◦ ρ = (∆⊗ id) ◦ ρ and (ε⊗ id) ◦ ρ = id
ρ(ab) = ρ(a)ρ(b) (m : A⊗ A −→ A is an A-omodule homomorphism)
ρ(1) = 1⊗ 1 (η : C −→ A is an A-omodule homomorphism) .
(2.5)
In Sweedler notation we write [20, p. 32℄:
ρ(a) =: a(−1) ⊗ a(0) .
An algebra A with a left oation of a Hopf algebra H is alled a left H-omodule
algebra.
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This denition implies that every Hopf algebraH admits a omodule struture
on itself in virtue of its omultipliation
∆ : H −→ H ⊗H . (2.6)
Therefore we an interpret the algebra generated by t, t¯, whih we want to rename
by z, z¯ to distinguish them from the elements in Eq(2), as the q−deformed algebra
of funtions on the Eq(2)−symmetri plane. We want to write C
2
q for the algebra
generated by z, z. From (2.3) we get the following left Eq(2)-oation on C
2
q
ρ(z) = eiθ ⊗ z + t⊗ 1
ρ(z) = e−iθ ⊗ z + t¯⊗ 1 .
(2.7)
We note that it follows from (2.1) (resp. by requiring m : A ⊗ A −→ A to be a
Eq(2)-omodule homomorphism) that
zz = q2zz , (2.8)
so that we an write C2q = C〈z, z¯〉/(zz¯ − q
2z¯z). We want to extend the oation
of Eq(2) to the bigger algebra of formal power series
C
2,ext
q := C〈〈z, z¯〉〉/(zz¯ − q
2z¯z) (2.9)
whih we all the algebra of funtions on the Eq(2)−symmetri plane. From
now on funtions are onsidered to lie in this algebra. It is ovariant under the
Eq(2)−oation as desribed above.
We ontinue by disussing two dierent approahes to establish gauge eld
theory on C2,extq starting with a generalization of the onepts we got to know in
Chapter 1.
2.2 Generalization of the Case θ = const.
Let us adjust our notation to the notation we used in Chapter 1, espeially in the
setion about orderings and star produts. Heneforth, we will use the following
abbreviations:
Ac := C[[z, z]] and Anc := C
2,ext
q . (2.10)
In this setion we generalize the ideas we studied in Chapter 1. We start doing
so by onstruting a star produt for the algebra Ac[[h]] suh that it beomes
isomorphi as algebra to Anc[[h]] in full analogy to what we have done in the rst
hapter. Sine a star produt is a deformation in diretion of a Poisson struture,
we will rst dedue the orresponding Poisson struture.
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2.2.1 The Poisson Struture for Ac
To distinguish ommutative oordinates and nonommutative ones we want to
denote in this subsetion the former by z, z and the latter by zˆ, zˆ. In the following
subsetions we will only need ommutative oordinates and therefore they annot
be onfounded with nonommutative ones.
We reall that we introdued in the rst hapter a formal deformation param-
eter h. In this ase we want to do so, too. We take
h := ln q (2.11)
as formal deformation parameter and our aim is to study deviations from the om-
mutative theory in orders of this parameter h. Thus, the ommutation relations
(2.8) in Anc beome
zˆzˆ = e2hzˆzˆ = (1 + 2h + 2h2 + . . .)zˆzˆ .
This yields
[zˆ, zˆ] = 2hzˆzˆ +O(h2) .
We want to onstrut a star produt that renders the ommutative algebra Ac
isomorphi to Anc. A star produt is a deformation in diretion of a Poisson
struture. Therefore we need to know whih Poisson struture we have to attribute
to Ac.
Let us suppose we had an arbitrary star produt ⋆ (star produts exist as we
learned in Chapter 1) reeting the algebrai properties ofAnc, i.e. (Ac, ⋆) ∼= Anc.
1
Let ρ : Ac → Anc be the orresponding algebra isomorphism. We want to assume
additionally that Anc → Ac for h → 0 suh that ρ = id + O(h) (f. Chapter 1).
Thus, we have ρ(zi) = zˆi + O(h) and sine by denition a star produt always
starts with the identity in zeroth order, we obtain for the star-ommutator of the
oordinates
[z ⋆, z] = 2hzz +O(h2) . (2.12)
As we know, the Poisson braket on Ac[[h]] orresponds to the rst order term in
h of the star ommutator multiplied by −i (Denition 1), suh that we an derive
from (2.12) the Poisson struture for Ac[[h]]:
{f, g} = −2izz((∂zf)(∂zg)− (∂zf)(∂zg)) = −2iε
ijzz(∂if)(∂jg) . (2.13)
1
These are the star produts that we are interested in. A priory star produts that orrespond
to a ertain Poisson struture do not lead to isomorphi algebras. This is only the ase if the
star produts lie in the same equivalene lass. Thus, we need star produts that lie in the
equivalene lass whih onsists of exatly those star produts that render Ac isomorphi as
algebra to Anc.
44 2. Gauge Field Theory on the Eq(2)-Symmetri Plane
Thus, the Poisson tensor is given by






Remark: If we write down the ommutation relations in terms of the basis x, y,
where z = x+ iy and z = x− iy, we nd with h = ln q:
[xˆ, yˆ] = −i
1 − q2
1 + q2
(xˆ2 + yˆ2) = ih(xˆ2 + yˆ2) +O(h2) .
Hene, we get for a star produt ⋆ with the above properties:
[x ⋆, y] = ih(x2 + y2) +O(h2) .
Therefore the Poisson struture in the basis x, y reads
{f˜ , g˜} = (x2 + y2)εαβ(∂α f˜)(∂β g˜)
and we get the following Poisson tensor:
θ˜(x, y) = (x2 + y2)εαβ . (2.15)
Notation: We will always write funtions depending on x, y with tilde and use
Greek indies if we onsider the basis x, y, whereas we will use no tilde for funtions
depending on z, z and Latin indies, for example i ∈ {z, z}, for the basis z, z. We
will also often write zi meaning z1 = z and z2 = z.
2.2.2 A Star Produt for Ac[[h]]
Again we have a big freedom in hoosing a speial ordering presription ρ sine
every ordering presription leads to a star produt by dening f ⋆ g = ρ−1(ρ(f) ·
ρ(g)) (f. Subsetion 1.1.1). Here, we do not want to repeat all the disussion of
orderings and orresponding star produts but just remark that a star produt
orresponding to the normal ordering (all z to the left and all z to the right) is
given by (see for example [4℄ or also [21℄ where the Manin plane is disussed)
f ⋆n g = µ ◦ e
−2h(z∂z⊗z∂z)(f ⊗ g) .
For us the following star produt will be of primary interest
f ⋆q g := µ ◦ e
h(z∂z⊗z∂z−z∂z⊗z∂z)(f ⊗ g) . (2.16)
2. Gauge Field Theory on the Eq(2)-Symmetri Plane 45
First of all it an be easily veried, heking all requirements in Denition 1, that
⋆q dened in (2.16) is indeed a star produt for Ac[[h]]. Let us think about whih
ordering presription ρq orresponds to ⋆q: We have
z ⋆q z = qzz and z ⋆q z = q
−1zz .
Therefore we get
q−1z ⋆q z + qz ⋆q z
2
= zz .
We assume that ⋆q is given by an ordering presription ρq, i.e. we assume that
f ⋆q g = ρ
−1
q (ρq(f) · ρq(g)). Than we nd with the short alulation given above








leads to ⋆q. We want to all suh an ordering presription q−symmetri order-
ing
3
. In partiular we see that ⋆q neither orresponds to the symmetri ordering
presription nor to the normal ordering.
We note that ⋆q is indeed a hermitian star produt. Thus, omplex onjugation
is an involution for (Ac[[h]], ⋆q).
Remark: In the real basis x, y (2.16) beomes
f˜ ⋆q g˜ = µ ◦ e
1
4
h((x+iy)(∂x−i∂y)⊗(x−iy)(∂x+i∂y)−(x−iy)(∂x+i∂y)⊗(x+iy)(∂x−i∂y))(f˜ ⊗ g˜) .
(2.17)
If we want to determine the orresponding ordering presription in this basis
things are not so easy. We nd for example
x2 + y2 →
q−1(xˆ+ iyˆ)(xˆ− iyˆ) + q(xˆ− iyˆ)(xˆ+ iyˆ)
2
.
Obviously in this basis the ordering presription as well as the star produt be-
ome more ompliated. Therefore it is reasonable to take the omplex basis.
2
Of ourse this is not the entire isomorphism ρq but we get an impression of how it looks
like.
3
This notion goes bak to Peter Shupp.
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Nevertheless, we want to give all results for the usually used and more familiar
real basis as well.
In the next hapter we will learn about gauge eld theory on this nonom-
mutative spae. Later we will see why we want to hoose espeially ⋆q to estab-
lish abelian gauge eld theory: Atually, ⋆q together with a modiation of the
ommon integral leads to an integral with trae property (see (1.53)), whih is
neessary to obtain an invariant ation (f. Subsetion 1.2.5).
2.2.3 Nonommutative Abelian Gauge Field Theory
We treat the ase of abelian, nonommutative gauge eld theory on (Ac[[h]], θ).
This may be generalized to non abelian gauge eld theories in a seond step.
Innitesimal gauge transformations of a matter eld ψˆ(z, z) ∈ Ac are intro-
dued as in Subsetion 1.2.1, i.e.
δψ(z, z) = iΛ(z, z) ⋆ ψ(z, z) .
The onept of ovariant oordinates Z i := zi + Ai with δZ i = i[Λ ⋆, Z i] leads
again to a gauge eld Ai transforming as
δAi = −i[zi ⋆, Λ] + i[Λ ⋆, Ai] .
One dierene to the ase where θ is onstant arises now: we annot simply use θ
to lower indies as we did in Subsetion 1.2.1. Sine θ is not onstant, this would
not lead to a gauge ovariant eld. Thus, we will stay with the gauge elds Ai
and will try to analyze and to solve the emerging problems step by step. Let us
ontinue by giving a solution for the Seiberg-Witten map (1.28).
Seiberg-Witten map
The solution for the Seiberg-Witten map for the gauge eld Ai in the ase of
abelian gauge eld theory is given by:





ijfjk) + . . . . (2.18)
Compare with the publiation [9℄
4
, where a solution for an arbitrary Poisson
struture θ up to seond order was derived using the Kontsevih star produt.
The solution found there was taken and we heked that it is indeed a solution
for ⋆q, too.
4
Mind that we want to ontribute to every θ an order in h.
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By ai = ai(z, z) and fij(z, z) we denote the ommutative gauge eld and eld
strength written in the basis z, z. Expressed in terms of the ordinary, ommutative









{a˜1(φ(z, z)) + ia˜2(φ(z, z))}
and furthermore the ommutative eld strength f˜αβ(x, y) beomes in the basis
z, z (Appendix A)
1
2
if˜ij(φ(z, z)) = fij(z, z) = ∂iaj(z, z)− ∂jai(z, z) .
2.2.4 The Field Strength
Let us think about the priniples that we want to impose on a eld strength F :
1. We want the eld strength F to be gauge ovariant, that means that the
transformation law of F is to be given by
δF ij = i[Λ ⋆, F ij ] . (2.19)
2. In the semi-lassial limit q → 1 resp. h → 0 we want to obtain the
ommutative eld strength fij = ∂iaj − ∂jai .
We start treating the rst requirement. For this purpose we write the ommuta-
tion relations (2.8) in the following form introduing the Rˆ-matrix:
P ijklz










1 0 0 0
0 1− q−4 q−2 0
0 q−2 0 0
0 0 0 1

 .
Here the upper indies number the rows in the sequene {11, 12, 21, 22} and the
lower indies the olumns in the same sequene. Dening
F ij := −iP ijklZ
k ⋆q Z
l , (2.21)
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we get a ovariant expression sine Z i are ovariant oordinates. Thereby (2.21)
an be onsidered a good andidate for a eld strength.
Let us alulate the rst nontrivial order of F ij to study its semi-lassial limit.




0 0 0 0
0 1 −1 0
0 −1 1 0





0 0 0 0
0 −4 2 0
0 2 0 0
0 0 0 0

+O(h2) (2.22)
=: P0 + hP1 +O(h
2) . (2.23)
We introdue the notation
f ⋆ g =: fg + h(f ⋆ g)1 + h
2(f ⋆ g)2 +O(h
3)
suh that we an write, using that Z i = zi+Ai, the ommutation relations (2.20)
and the Seiberg-Witten map up to rst order in h for Ai given in (2.18)
F ij = −iP ijkl(z
k ⋆q A
l + Ak ⋆q z
l + Ak ⋆q A
l + zk ⋆q z
l)











We split the alulation and start with the rst two terms on the right hand side






⋆q, θzmam])1 + ([θ
zmam
⋆q, z])1 .
As the star-ommutator always starts to rst order in h by i times the Poisson














where we used that θ is antisymmetri, too.




It is easy to see that this equals zero noting that P ij0 kl is antisymmetri in k, l
whereas θkmamθ








= −2θzz(zaz − zaz)
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suh that we nd, putting all ontributions together multiplied by −i as in the
denition of F and taking into aount that θzz = −2izz,




+2ih2θzz(zaz − zaz) +O(h
3)
= h2θzzθzz(∂zaz − ∂zaz) +O(h
3) = h2θzzfzzθ
zz +O(h3) .
It an be easily heked that F zz = −h2θzifijθ
jz +O(h3) and we an write
F kl = h2θkiθjlfij +O(h
3) . (2.24)
Let us remark that the alulation made so far for the semi-lassial limit of F
is independent of the hoie of a star produt, sine until now only the star-
ommutator up to rst order in h entered into the alulation.
While F ij dened above transforms ovariantly, the semi-lassial limit does
not exatly lead to the ommutative eld strength fij . Therefore F
ij
annot be
taken like this as a nonommutative eld strength. Nevertheless, we an modify
F ij: We want to get rid of the two θ's without loosing ovariane. This an be
done by multiplying F ij by a ovariant funtion with the property that in the
semi-lassial limit we atually obtain fij . In [9℄ we get a hint how we an do
so: Here, ovariant funtions are introdued generated by applying a mapping D,
alled ovariantizer, to an arbitrary funtion f
D : f 7→ Df = f + fA
(applying D to oordinates leads to ovariant oordinates). The ovariantizer is
dened by requiring
δD(f) = i[Λ ⋆, D(f)] . (2.25)
We an determine D up to rst order in h. With Λ = α + O(h), where α is the
ommutative gauge parameter, we see that D = id + hθijaj∂i +O(h
2) obeys the
onditional equation (2.25). Here aj denotes the ommutative gauge eld with
the gauge transformation law δaj = ∂jα. Thus, in our two dimensional ase we
obtain
5











The existene of D to all orders in h was derived in [9℄.





















































(the expliit ontribution to rst order in h will be used later when we expand
the ation in h). We see that beause of (2.24)
F
′
ij = fij +O(h)
and therefore F ′ admits the right semi-lassial limit. Moreover, D(θ−1) trans-
forms ovariantly (D is the ovariantizer). Hene, we an onlude that
• F
′
ij is gauge ovariant and that
• F
′
ij → fij for h→ 0
suh that F
′
ij satises all we demanded above from a eld strength. Hene, we
onsider F
′
ij to be the nonommutative abelian eld strength.









Remark: In the basis of real oordinates we want to dene in analogy to what we




P αβ12(X + iY ) ⋆q (X − iY ) +
1
2
P αβ21(X − iY ) ⋆q (X + iY ) (2.30)
where P is given in (2.20) and X := x + A1 resp. Y := y + A2 are the ovariant
oordinates (f. (1.19)). Then F˜ αβ is gauge-ovariant. If we undertake a similar
6
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alulation as done above for determining the semi-lassial limit of F , we get for
the rst non vanishing order
F˜ αβ = h2θ˜αγ θ˜δβ f˜γδ +O(h
3)
with θ˜αβ = (x2 + y2)εαβ. Again we want to get rid of the two θ˜ that appear



























(1− 2hεγδxγa˜δ) . (2.32)








−1)δβ = f˜αβ +O(h) (2.33)









Remark: We found a eld strength and a Lagrangian both, in the real and the
omplex basis. In both ases we got the right semi-lassial limit and of ourse
it is possible to ome from one to the other ase by basis transformation. But
we want to underline the following: If we ompare the denitions (2.21) of F ij
resp. (2.30) of F˜ αβ made above, we see that F ij(φ−1(x, y)) = −2iF˜ ij(x, y) (for the
denition of the basis transformation φ(z, z) see Appendix A). Both denitions
obviously dier by the fator −2i. Where does it ome from? We need the fator
to guarantee in both ases the right semi-lassial limit. F zz starts in the rst
non-vanishing order with h2θzzfzzθ
zz
(see (2.24)). If we write this expression in
terms of the real basis x, y we have to use that θzz(φ−1(x, y)) = −2iθ˜12(x, y) (f.
(2.14) and (2.15)) as well as the fat that fzz =
1
2
if˜12(φ(z, z)) (A.3). Together this
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gives F ij(φ−1(x, y)) = (−2i)(1
2
i)(−2i)F˜ ij(x, y) = −2iF˜ ij(x, y). This fator must
not be forgotten if translating results from the ase with omplex basis to the ase
where we use the real basis. Therefore denitions made here are reasonable (best
proven by the fat that they lead to the right semi-lassial limit as they should).
2.2.5 The Integral with Trae Property
In this setion we treat the problem of how to nd an integral with trae property
for non-onstant Poisson strutures (for a onstant Poisson struture the usual
integral with an appropriate star produt admits the trae property as we saw in
Chapter 1). We will treat the speial example θij = −2izzεij, the Poisson tensor
for Ac (2.14), but onsiderations made here an be transfered to other, more
ompliated Poison strutures as well. Thus, the aim is not just to give a solution
for our example but also to disuss two approahes how it may be possible to nd
solutions for more general Poisson strutures.
General Remarks
We want to nd a measure µ(z, z) for the usual integral suh that for a given star
produt ⋆ the integral admits the trae property∫
µ(z, z)dzdz f ⋆ g =
∫
µ(z, z)dzdz g ⋆ f (2.35)
for all funtions f, g. Let us emphasize that this is a ombination of two problems:
• nd a star produt and
• nd a measure orresponding to this star produt.
In general it surely is not possible to start with an arbitrary star produt for the
onsidered quantum spae in the hope to nd a measure giving the integral the
above trae property to all orders in h.
1. Calulation
Of ourse it is possible to start with a speial star produt that seems to be good
in order to try to alulate a orresponding measure. The problems that arise are
that
• in general it is diult to nd a solution valid to all orders in h
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• we have to start with a speial hoie of a star produt without knowing if
this onrete star produt permits a solution, i.e. if there exists a measure
orresponding to this star produt that renders the usual integral yli in
the above sense.
In our example things an atually be done by alulation: First we have to x
a star produt. The star produt ⋆q (2.16) seems to be a good hoie sine the
symmetry of ⋆q tells us that f ⋆q g and g ⋆q f are equal for all even orders of h
suh that we do not have to bother about even orders anymore. If one starts rst




for the measure. We an even show that
1
zz
is a measure that
satises (2.35) to all orders in h:
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For n > 0 this leads after partial integration (we assume always that funtions















) = 0 .
This is valid for any summand orresponding to n > 0 and only the zeroth order
term does not vanish suh that at the end we nd what we laimed:∫
dzdz
zz





2. Using a Theorem from Felder and Shoikhet
We will use the following theorem from Felder and Shoikhet published in [22℄:
Theorem 1. Let M be a Poisson manifold with the bivetor eld π and let Ω be
any volume form on M suh that divΩπ = 0. Then there exists a star produt on
C∞(M) suh that for any two funtions f, g one has∫
M




Let me remark on how we have to understand divΩπ. In [22℄ it is dened as
follows:






−→ T k−1poly (M)
where d = dimM , T kpoly(M) is the set of k + 1 - polyvetor elds and d denotes
the exterior dierential. In have the following setting: π = −2izzεij∂i ∧ ∂j and
we write for a general volume form Ω(z, z) = ω(z, z)dz ∧ dz. Then we have
Ω(π) = ω(z, z)(−2i)zz.
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Now we see that if we hoose ω(z, z) = 1
zz
we get Ω(π) = −2i = const. suh that
in this ase surely d ◦ Ω(π) = 0. With that
divΩπ = 0 .
What did we ahieve this way? We easily ould nd a volume form Ω suh that
divΩπ = 0. The above theorem then assures the existene of a star produt suh
that the integral over that volume form is yli (even more: The integral of two
funtions' star multipliation is equal to the integral of the ordinarily multiplied
funtions). Of ourse we still do not know whih star produt has together with
that volume form this nie property. Nonetheless, the existene at least is assured
and for usual physial appliations this an be suient: usually we do only need
to know the star produt expliitly up to seond order and these orders an be, if
the volume form is known, determined by alulation. In our example the above





We want to remark that for other, more ompliated poisson strutures where
a solution annot be found easily by alulation, this approah ould be the more
systemati one. It should also be possible for more ompliated Poisson strutures
to determine a volume form Ω satisfying the ondition divΩπ = 0 guaranteeing
then by Felder's and Shoikhet's theorem the existene of a star produt leading to
the trae property. This star produt then hopefully an be determined expliitly
in a seond step (but in any ase at least the rst orders of it).
2.2.6 The Ation and the Integral
Having found an integral with trae property for the star produt ⋆q as well as a

















A new problem arises immediately: Let us determine the semi-lassial limit for



















This is not exatly what we want. In the semi-lassial limit we do not nd the
free ation for the at plane, sine the measure we had to introdue to guarantee
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the trae property of the integral does not disappear. Again we have to make a
modiation, similar to what we already did for the eld strength in (2.27): we
have to multiply by a ovariant term that in the semi-lassial limit redues to
zz.7 Then, for h→ 0 we get the usual integral over z, z. Let me remark that we
do not loose the gauge invariane of the ation if the additional term we introdue






















as the free ation. By this denition we get that
• S
′








ij +O(h), i.e. it admits the right semi-lassial limit.
(The reader might note that we have some freedom in hoosing this additional,
ovariant term and also in hoosing the position where to plae it under the
integral. We ome bak to this topi later.)
Expanded Field Strength and Ation
We want to expand this ation in h to be able to read o diretly the orretions
we get to the ommutative theory in rst order. We start alulating the rst







−1)zz using the expression for
D(θ−1)zz up to rst order in h (see (2.32)) and the seond order term of F
zz
given
in (2.24). Additionally we have to determine the third order term of F zz and must
put all the results together. This was done making use of Mathematia
8
leading
to the following results:
F
′




zz + 2izz(az∂zfzz − az∂zfzz)
}
+O(h2)
= fzz + h
{
−fzz + θ











zz + 2izz(az∂zfzz − az∂zfzz)
}
+O(h2)
= fzz + h
{
−3fzz − θ





I want to thank Peter Shupp who put forward this idea.
8
Speial thanks to Fabian Bahmaier who made this possible.
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−2f 2zz + θ





Finally, multiplying the ation with the ovariant term Z ⋆q Z to guarantee the




















f 2zz + (izaz − izaz)f
2
zz + fzz(z∂zfzz − z∂zfzz)

































Expanded Field Strength and Ation in the Real Basis x, y
The eld strength F˜ ′ in the basis x, y was already introdued in (2.33). If we now
use the star produt ⋆q in the basis x, y given in (2.17), we obtain the following










F˜ ′12 = f˜12 + h
{
−f˜12 + (x
2 + y2)f˜ 212 − (x
2 + y2)(a˜1∂yf˜12 − a˜2∂xf˜12)
}
+O(h2)
= f˜12 + h
{
−f˜12 + θ˜




58 2. Gauge Field Theory on the Eq(2)-Symmetri Plane
and
F˜ ′21 = f˜21 + h
{
−3f˜21 − (x
2 + y2)f˜ 212 − (x
2 + y2)(a˜1∂yf˜21 − a˜2∂xf˜21)
}
+O(h2)
= f˜21 + h
{
−3f˜21 − θ˜












−2f˜ 212 + (x













−2f˜ 212 + θ˜





To get the right lassial limit for the integral we must again multiply by a o-
variant term. We take X ⋆qX +Y ⋆q Y (note that this is not equal to (X + iY ) ⋆q












2f˜ 212 − (x
2 + y2)f˜ 312 − i(xa˜2∂yf˜12 − ya˜1∂xf˜12)f˜12
































Again we nd the right semi-lassial limit, i.e. the theory we established
approahes for both ases, omplex and real basis, the ommutative theory in the
limit h → 0. Moreover, we an now read o the orretion to the ommutative
theory this nonommutative theory leads to up to rst order in h.
Let us omment on the results:
2. Gauge Field Theory on the Eq(2)-Symmetri Plane 59
• First we see that we get after transformation in both bases the same results
for the eld strength F respetively F˜ and the Lagrangian L respetively L˜
providing us a orretness hek.
• The two results for S ′ respetively S˜ are not identially equal. The reason
is that we multiplied in the ase of the real basis by the additional ovariant
term X ⋆qX+Y ⋆q Y to ompensate the measure of the integral in the limit
q → 1, whereas we took in the ase of the omplex basis the ovariant term
Z ⋆q Z = (X + iY ) ⋆q (X − iY ) 6= X ⋆q X + Y ⋆q Y . This was done on
purpose to show that the results we get here depend on the speial hoie of
the additional term (we just required gauge-ovariane and a speial semi-
lassial limit but these requirements do not uniquely determine suh an
additional term). We will omment on this in the following subsetion.
• The results we get lead us to the following interpretation: In rst order
of h we obtain a orretion to the ommon photon propagator (quadrati
term in f). Additionally, we get, if we interpret θ as a bakground eld,
some interation term between three photons and the θ−eld (the rest of
the ation's rst-order term).
• Matter elds ould easily be introdued, too, leading to more new intera-
tions in the rst order of the deformation parameter h.
2.2.7 Freedom of the Theory
We established in all detail a gauge eld theory on Anc, the Eq(2)−symmetri
spae. We dened a eld strength, introdued a yli integral and got nally an
invariant ation with right semi-lassial limit. At the end the expansion of eld
strength, Lagrangian and ation in the deformation parameter h was alulated
up to rst order. We an read o expliitly how far the theory diers from the
ommutative theory.
Nevertheless, it is our obligation to look bak and to examine whether all
the assumptions and the denitions we made are ditated by priniples we want
to require or how far our onsiderations atually admit freedom in dening the
introdued physial quantities suh as eld strength, Lagrangian and ation. The
reader might already have notied that in the denition of F ′ and of L (f. (2.27)
and (2.34)) at least the position where to put the appearing D(θ−1) terms is
arbitrary. There is no oneptual riterion that distinguishes one speial hoie
of position. All possible hoies of position lead to the same semi-lassial limit
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and give ovariant expressions and this is all we required. The hope was, that
nevertheless physis might be unaeted of the hoie of position: We hoped
that at least the rst order term of the expanded quantities would not depend












possible ways to dene F ′, dier in rst order of h by
−2h(z∂zfzz − z∂zfzz)
suh that the hoie of position of the intervening D(θ−1) terms inuenes the
physial results.
Moreover, when we dened the ation we had to introdue a ovariant expres-
sion that ompensates in the semi-lassial limit the measure
1
zz
, whih in turn we
had to introdue to guarantee the trae property of the integral (see (2.19) and
Proposition 4). At least if we want to treat gauge eld theory on the at spae
we annot do without this additional term. We added Z ⋆q Z but a lot of other
terms ould have been hosen. For example D(zz) admits the same semi-lassial
limit as Z ⋆q Z and is also ovariant. None of both an be regarded the better
one. In the way we established the theory, no oneptual riterion exists to get
rid of this freedom.
The other general problem we have with this approah is the following: Our
onsiderations did not inlude in all points the bakground symmetry of the spae,
the q−deformed two-dimensional Eulidean group. We see that the integral with
the measure we had to hoose to get the trae property is ertainly not Eq(2) -
invariant. Nevertheless, having a bakground symmetry we should try to keep it
and try to set up an Eq(2) - ovariant theory.
That is why we study in the next setion an alternative approah to the prob-
lem. We will establish a theory where the Eq(2)− symmetry stands in the fore-
ground of all onsiderations.
2.3 Eq(2) - Covariant Abelian Gauge Field Theory
A ovariant, abelian gauge theory was already established on another nonom-
mutative spae: the q−deformed fuzzy sphere that is ovariant with respet to
the oation of SUq(2) [23, 24, 25℄. Guided by these publiations, we set up
a gauge theory based on Eq(2)−ovariane. At the beginning, we onstrut an
Eq(2)−invariant integral. As we will see, it is not yli. In a seond step an
Eq(2)−ovariant dierential alulus is introdued. We dene an exterior dif-
ferential, q−one-forms, q−two-forms and q−deformed derivatives. Moreover, a
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generator of the exterior dierential as well as a frame, a basis of one-forms that
ommutes with arbitrary funtions, are derived. We additionally introdue a
gauge eld A and a eld strength F that in the semi-lassial limit q → 1 be-
omes the ommutative eld strength. Problems arise when trying to dene gauge
transformations: Sine the integral does not possess the trae property, we annot
introdue gauge transformations of gauge elds as we did in the previous setion.
By means of an algebra homomorphism α : Uq(e(2)) → Anc, we dene gauge
transformations of one forms in a way that allows us to speak about a gauge
invariant ation.
For a detailed disussion of quantum groups the reader is refered to [26, 20, 27℄.
2.3.1 An Invariant Integral on the Eq(2) - Symmetri Plane
We need an Eq(2) - invariant integral to dene an ation. Considerations made
in this subsetion are guided by [28℄, where a Haar-funtional on Eq(2) extended
to formal power series is derived. Nevertheless, we use another, physially more
intuitive basis of the dual ofEq(2) and present the neessary alulations. Whereas
we introdued in Setion 2.1 the quantum group Eq(2) and the Eq(2)−symmetri
plane, we proeed to introdue at this point the quantum dual of Eq(2).
The Quantum Universal Enveloping Algebra Uq(e(2)) and Duality
In many ases it is onvenient to onsider the ation of the quantum groups
dual instead of the oation of the quantum group itself. Therefore we introdue
Uq(e(2)), the dual of Eq(2).












) be two Hopf alge-
bras. We say that H and H
′
are in duality if there exists a bilinear form, alled
dual pairing,
〈·, ·〉 : H ⊗H ′ → C
satisfying
〈gh, x〉 = 〈g ⊗ h,∆′(x)〉 〈h, xy〉 = 〈∆(h), x⊗ y〉
〈1, x〉 = ε′(x) 〈h, 1〉 = ε(h)
(2.44)
〈S(h), x〉 = 〈h, S ′(x)〉
for all g, h ∈ H and x, y ∈ H
′
, where 〈g⊗h, x⊗y〉 := 〈g, x〉〈h, y〉 is the extension
of 〈·, ·〉 on tensor produts.
62 2. Gauge Field Theory on the Eq(2)-Symmetri Plane
In [19℄ the dual to Eq(2), alled Uq(e(2)), is onstruted. With the following
identiations for the generators µ, ν, ξ introdued in this publiation,
µ ≡ T −q2ν ≡ T ξ ≡ J ,
we then get that Uq(e(2)) is generated by T, T , J with the following ommutation
relations and struture maps
TT = q2TT [J, T ] = iT [J, T ] = −iT
∆(T ) = T ⊗ q2iJ + 1⊗ T ∆(T ) = T ⊗ q2iJ + 1⊗ T (2.45)
∆(J) = J ⊗ 1 + 1⊗ J ε(T ) = ε(T ) = ε(J) = 0
S(T ) = −Tq−2iJ S(T ) = −Tq−2iJ S(J) = −J ,
where the dual pairing on the generators is given by
〈T, θitjt
k
〉 = δ0iδ1jδ0k, 〈T , θ
itjt
k
〉 = −q2δ0iδ0jδ1k, 〈J, θ
itjt
k
〉 = δ1iδ0jδ0k .
(2.46)
Moreover, we have
J = −J . (2.47)
The generators T, T as duals of t, t an be interpreted as the q−analogs of the
generators of translations whereas J , the dual of θ, an be viewed as the generator
of rotations (rotations are not deformed). After having introdued the dual, we
an now use the dual pairing to pass over from the oation of Eq(2) to an ation
of the dual Uq(e(2)) on C
2
q.
The Ation of Uq(e(2)) on Anc
First of all we want to dene what me mean by the ation of a Hopf algebra on
an algebra.
Denition 5. We say that a Hopf algebra H is ating on an algebra A from
the right (left) if A is a right (left) H-module suh that m : A ⊗ A −→ A and
η : C −→ A are right (left) H-module homomorphisms, that means if holds
ab ⊳ h = (a⊗ b) ⊳∆(h) = (a ⊳ h(1))(b ⊳ h(2)) and 1 ⊳ h = ε(h)1 (2.48)
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respetively
h ⊲ ab = ∆(h) ⊲ (a⊗ b) = (h(1) ⊲ a)(h(2) ⊲ b) and h ⊲ 1 = ε(h)1 ,
for any h ∈ H and a, b ∈ A. An algebra A with a Hopf algebra H ating on it
from the right (left) is alled a right (left) H−module algebra.
Lemma 2. Given a dual pairing between Hopf algebras H and H
′
and a left
oation ρ of H
′
on an algebra A, we get a right ation9 of H on A, ⊳ : A⊗H −→
A, by dening
f ⊳ X := (〈X, ·〉 ⊗ id) ◦ ρ(f) = 〈X, f(−1)〉f(0) , X ∈ H, f ∈ A . (2.49)
Proof. We use Sweedler notation.
If we dene as in (2.49) we get from the properties of the dual pairing (Denition
4) that A is a right H-module. For example we have
i) (f ⊳ X) ⊳ Y = (〈X, f(−1)〉f(0)) ⊳ Y
= 〈X, f(−1)〉〈Y, f(0)(−1)〉f(0)(0)
= 〈X, f(−2)〉〈Y, f(−1)〉f(0)
= 〈X ⊗ Y,∆f(−1)〉f(0)
= 〈XY, f(−1)〉f(0)
= f ⊳ (XY ) .
We prove the remaining requirements again using Denition 4:
ii) fg ⊳ X = 〈X, (fg)(−1)〉(fg)(0)
= 〈X(1), f(−1)〉〈X(2), g(−1)〉f(0)g(0)
= (f ⊳ X(1))(g ⊳ X(2))
iii) 1 ⊳ X = 〈X, 1〉1
= ε(X)1 .
9
Similarly we a get a left ation via a dual pairing from a right oation.
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Thus, with the dual pairing given in (2.46) and with the oation of z, z given
in (2.7) we an dene an ation of Uq(e(2)) on C
2
q in analogy to (2.49). We obtain
for the ation of J, T and T on the generators z, z:
z ⊳ T = 〈T, eiθ〉z + 〈T, t〉 = 1
z ⊳ T = 〈T , eiθ〉z + 〈T , t〉 = 0
z ⊳ J = 〈J, eiθ〉z + 〈J, t〉 = iz
z ⊳ T = 〈T, eiθ〉z + 〈T, t〉 = 0
z ⊳ T = 〈T , e−iθ〉z + 〈T , t〉 = −q2
z ⊳ J = 〈J, e−iθ〉z + 〈J, t〉 = −iz .
(2.50)
Now we want to extend the ation of Uq(e(2)) on the algebra of formal power series
in z, z respeting the ommutation relation (2.8). This algebra we denoted by Anc
(2.10). Before giving expliit formulas, let us remark that any formal power series
f(z, z¯) ∈ Anc an be deomposed as follows:
f(z, z) = f1(z, zz) + f2(z, zz) (2.51)
where f1, f2 are formal power series. To see that, we have to split a formal power
series depending of z, z¯ into two series, the one onsisting of all summands where
the exponent of z is bigger or equal to that of z¯ and the other onsisting of the
remaining part. Taking into aount that
zk z¯k = qk(k−1)(zz¯)k , (2.52)





k(k− 1), we get a deomposition of the above type (2.51). f1 and f2 in turn an
be deomposed in sums onsisting of summands of the following type:
zkf(zz¯) respetively z¯kf(zz¯) . (2.53)
Moreover, positive powers of z¯ an be rewritten in terms of negative powers of z
by using
z¯k = qk(k−1)z−k(zz¯)k . (2.54)
This leads to the following remark:





where fm are formal power series in zz.
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To know the ation on Anc we now just have to dene it on a summand
zkf(zz¯) , k ∈ Z (2.56)
and extend it linearly to power series (2.55). Using the struture maps of Uq(e(2))
given in (2.45) it is possible to determine the right-ation of J, T, T on suh a
summand. This is done in Appendix B leading to the following results:











zkf(zz) ⊳ J = ikzkf(zz) .
We see that the ation of Uq(e(2)) on a funtion z
kf(zz) loses in Anc, i.e. we
have
f ∈ Anc =⇒ f ⊳ X ∈ Anc for all X ∈ Uq(e(2)) . (2.58)
Remark: A priori it is not lear whether an extension of the ation to formal
power series is possible. But the speial form of the ation on summands as we
got it in (2.57) shows, that in our ase this indeed an be done: The ation on z
to the power of k multiplied by a funtion f(zz) leads in all ases to the powers
k − 1, k or k + 1. Thus, the ation on a formal power series, where also negative
powers of z are allowed, again leads in all ases to nitely many ontributions in
every power of z and therefore the linear extension is atually well-dened.
The Uq(e(2)) Invariant Integral
We will onstrut a Uq(e(2)) − invariant integral following the methods given in
[28℄ starting by dening what we want to all an invariant integral.
Denition 6. We all an integral (i.e. a linear funtional) invariant with respet
to the right ation of Uq(e(2)) if it satises the following invariane ondition:
∫ q
f(z, z) ⊳ X = ε(X)
∫ q
f(z, z) (2.59)
for all f and X ∈ Uq(e(2)).
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Here the ation of X on f(z, z¯) is to be understood as in (2.57).
Sine ε is an algebra homomorphism and ⊳ an algebra ation, it is suient to
hek the ondition (2.59) for T, T and J (reall that {JkT lT
m
|k ∈ Z, l, m ∈ Z+}
is a basis of U extq (e(2)), the extension of Uq(e(2)) to formal power series). Let us
rst onsider funtions of the type
zmf(zz¯), m 6= 0. (2.60)
In this ase it is apparently true that∫ q
zmf(zz) := 0 for m 6= 0 (2.61)
is invariant if for zmf(zz¯) ⊳ X holds that the exponent of z still is not equal to
0 (where X ∈ {J, T, T}). The only ases where this is not guaranteed are (f.
(2.57))





















Sine ε(T ) = ε(T ) = 0, we have to require that
∫ q
zf(zz) ⊳ T and
∫ q
z−1f(zz) ⊳ T
equal zero if the integral is to satisfy the invariane ondition (2.59). This implies∫ q
f(q2zz)− q−2f(zz) = 0 (2.62)
respetively ∫ q
f˜(zz)− q−2f˜(q−2zz) = 0 , (2.63)












2k, k ∈ Z are the eigenvalues of zz¯ in a representation of C2q (see for
example [29℄), we see that this integral satises (2.62) and (2.63). Together with
(2.61), we an now dene an invariant integral. Let us summarize the result in
the following Lemma:
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is an invariant integral under the ation of Uq(e(2)) in the sense of Denition 6.
The fator r20(q
2 − 1) was added to guarantee the right semi-lassial limit of
the integral.
Cyli property of the Invariant Integral
Let us examine whether the integral (2.64) is yli as it is in the undeformed
ase.
First of all we provide a ommutation relation whih we will need later on.
Remark 3. For any formal power series f(zz) we have:
f(zz)zm = zmf(q−2mzz) (2.65)
and
f(zz)zm = zmf(q2mzz) (2.66)
for m ∈ Z.
Proof. Using (2.8) we immediately get
(zz¯)z = q−2z(zz¯)
implying
(zz¯)zm = q−2mzm(zz¯) .
Extending this to formal power series, we get the rst equation in the Remark.
The seond follows similarly.
Let us undertake the following alulation to examine the yli property of
the q−integral (2.64) using in the rst step the ommutation relation (2.65):
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If we now dene an operator
D(zm) := q−2mzm D(zm) := q2mzm (2.67)
and extend it linearly on the entire algebra Anc, we an write:




A yli property of this kind for invariant integrals of funtions on q−deformed
spaes was rst derived by Harold Steinaker in [30℄, where a SOq(N)−ovariant
spae is onsidered.
We see that the integral we dened in (2.64) is not yli. Obviously the
demand for Uq(e(2))−invariane spoils the trae property, whereas the demand
for a yli integral implies loosing Uq(e(2))−invariane (as we saw in Subsetion
2.2.5). We will omment on this dilemma later. The onsiderations made here
are important if we want to write down an ation that is invariant under gauge
transformations later on. If we dene the gauge transformation of a eld strength
f ∈ Anc in the usual way, i.e. by
f 7→ ΩfΩ−1 ,Ω unitary, (2.69)
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we will now in the deformed ase not get an invariant ation beause of (2.68).
The only way out without abandoning the demand for an invariant integral is to
dene new gauge transformations, to deform them in a way that ompensates
the property (2.68). How this an be done will be treated later.
2.3.2 Covariant Dierential Calulus on the Eq(2) - Sym-
metri Plane
Dierential alulus on quantum groups was rst studied by Woronowiz [31℄. For
more details the reader is also refered to [32℄ and [33℄. Caluli on nonommutative
spaes that are ovariant with respet to the oation of a quantum group have
been studied by Wess and Zumino in [34℄, where the quantum hyper plane, whih is
ovariant with respet to the oation of the quantum group GLq(n), is disussed.
We will develop suh a dierential alulus that is ovariant with respet to the
oation of Eq(2).
q−One-Forms and q−Derivatives
We start with introduing variables dz and dz, the q−dierentials of z and z.
These are nonommutative dierentials whih do not ommute with the spae
oordinates z, z, either. How an we nd the orresponding ommutation rela-
tions? Certainly, the ommutation relations have to be ovariant with respet to
the oation of Eq(2) on Anc given in (2.7). Let me explain how this is to be un-
derstood: We get the oation of Eq(2) on the q−dierentials dz, dz by applying
d on the oation of Eq(2) on z, z, where we want to assume that d applied on
elements of Eq(2) equals zero. In other words
ρ(z) = eiθ ⊗ z + t⊗ 1
ρ(z) = e−iθ ⊗ z + t¯⊗ 1
leads to
ρ(dz) = eiθ ⊗ dz
ρ(dz) = e−iθ ⊗ dz .
The requirement of ovariane implies the ommutation relations between oor-
dinates and their dierentials in the following sense: If we want to extend the
algebra Anc by generating elements dz, dz with the above oation and if we want
the newly generated algebra to be a left Eq(2)−omodule algebra, then ρ has to be
a left oation in the sense of Denition 3 on the extended algebra. One property
of a oation on an algebra is that the multipliation in the algebra has to be a
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omodule homomorphism, i.e. it has to satisfy ρ(ab) = ρ(a)ρ(b) for all algebra
elements a, b.10 In our setting, it therefore has to be true that
ρ(zdz) = ρ(z)ρ(dz) = (eiθ ⊗ z + t⊗ 1)(eiθ ⊗ dz) = e2iθ ⊗ zdz + teiθ ⊗ dz .
On the other hand we nd with the same argument that
ρ(dzz) = ρ(dz)ρ(z) = (eiθ ⊗ dz)(eiθ ⊗ z + t⊗ 1) = e2iθ ⊗ dzz + eiθt⊗ dz
has to be true, too. But in the quantum group Eq(2) we have te
iθ = q−2eiθt (see
ommutation relations (2.1)). Thus, ρ as dened above is only well-dened if
zdz = q−2dzz .
Analogously follow the remaining ommutation relations:
zdz = q−2dzz zdz = q−2dzz
zdz = q2dzz zdz = q2dz z .
(2.70)
We see that for q → 1 oordinates and dierentials ommute. Let us remark
that these onsiderations do not lead to any information about the ommutation
relations of dz and dz themselves, sine e−iθeiθ = eiθe−iθ. How to nd them
anyway will be disussed below.
Now we an dene an exterior dierential d : Anc → Ω
1
q on the entire algebra
Anc, where by Ω
1
q we want to denote the spae of q−deformed one-forms, by
demanding
d(const.) = 0 ,
as well as the Leibniz rule
d(fg) = (df)g + f(dg) (2.71)
for all elements f and g in Anc. To see that d is indeed well-dened we have to




= 0 . (2.72)
This follows immediately from (2.70) and (2.71).
In the next step we an introdue q−deformed partial derivatives by dening
in analogy to the nonommutative ase
d =: dzi∂i . (2.73)
10
The remaining properties an be easily heked, too.
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In (2.72) we saw that d is well-dened suh that the partial derivatives ∂z and ∂z
are well-dened, too.
Remark about notation: We want to distinguish notationally on the one hand
applying partial derivatives to a funtion and on the other hand understanding
∂z, ∂z as elements of the algebra and multiplying them by funtions in the algebra
itself. When applying ∂z, ∂z to a funtion, we always want to put the funtion the
derivatives are applied on in brakets, i.e.
∂z(f) and ∂z(f) ,
whereas we won't use brakets when we interpret ∂z , ∂z as part of the algebra
itself.
Aording to denition (2.73), we nd for example for the q−deformed partial
derivatives applied to the oordinates
∂z(z) = 1 ∂z(z) = 0
∂z(z) = 0 ∂z(z) = 1
(2.74)
whih is just what we expeted. Nevertheless, the derivatives ∂z, ∂z do not satisfy
the usual Leibniz rule but a modied one that we want to all the q−Leibniz rule.
It an be derived from the Leibniz rule of the exterior dierential together with
the ommutation relations of dierentials and oordinates (2.70):
d(fg) = (df)g + f(dg)
= dzi∂i(f)g + fdz
i∂i(g)
= dzi∂i(f)g + dzf(q
−2z, q−2z)∂z(g) + dzf(q
2z, q2z)∂z(g) (2.75)
where we have used the following ommutation relations
f(z, z)dz = dzf(q−2z, q−2z)
f(z, z)dz = dzf(q2z, q2z) ,
whih we want to prove:
Proof. From (2.58) we get that f(z, z) =
∑
m∈Z z
mfm(zz), where the fm are
formal power series for allm. Sine zzdz = q−4dz(zz), we dedue that fm(zz)dz =
dzfm(q
−4zz).Moreover, zmdz = dz(q−2z)m, suh that together follows f(z, z)dz =
dzf(q−2z, q−2z), the rst laim. A similar alulation proves the seond laim.
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On the other hand we have by denition
d(fg) = dz∂z(fg) + dz∂z(fg) ,
suh that with the result in (2.75) we onlude that
∂z(fg) = ∂z(f)g + f(q
−2z, q−2z)∂z(g)
∂z(fg) = ∂z(f)g + f(q
2z, q2z)∂z(g) .
(2.76)
Obviously, we obtain for q → 1 the usual ommutative Leibniz rule just as ex-
peted. With the q−Leibniz rule it is now possible to derive the ommutation
relations of partial derivatives and spae oordinates. Applying the q−Leibniz
rule (2.76) on the funtion z = zf resp. z = zf and using the results in (2.74) we
nd
∂z(zf) = 1f + q
−2z∂z(f) ∂z(zf) = q
−2z∂z(f)
∂z(zf) = q
2z∂z(f) ∂z(zf) = 1f + q
2z∂z(f)
whih yields the following ommutation relations
∂zz = 1 + q
−2z∂z ∂zz = q
−2z∂z
∂zz = q
2z∂z ∂zz = 1 + q
2z∂z .
(2.77)





∂z∂z(zz) = ∂z(z) = 1 ,
suh that we derive the following ommutation relation for the q−derivatives:
∂z∂z = q
2∂z∂z . (2.78)
Again for q → 1 these ommutation relations beome those of the ommutative
theory. We still do not know the ommutation relations for the q−dierentials.
To derive them, we need to extend the exterior dierential to one-forms: we want
to demand for the exterior dierential d in addition to the Leibniz rule (2.71) that
in analogy to the ommutative ase
d2 ≡ 0
as well as
d(αβ) = (dα)β + (−1)degαα(dβ) (2.79)
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for forms α, β, where degα denotes the degree of α. Using this and applying d on
the ommutation relation dzz = q2zdz (f. 2.70), we nd
dzdz = −q2dzdz , (2.80)
beoming for q → 1 the usual ommutation rule of dierentials. Applying d to
zdz = q−2dzz respetively zdz = q2dz z (2.70), we obtain
(dz)2 = (dz)2 = 0 .
To see that this extension of d is indeed well-dened, we remark that applying d
to the remaining equation of (2.70), namely zdz = q−2dzz, leads to (2.80), too.
For ompleteness we want to derive the ommutation relations for q−dierentials




for some onstants cij. Multiplying for example ∂zdz − c
1
1dz∂z = 0 by z from the
right and ommuting z through to the left using the above ommutation relations
(2.70) and (2.77) leads to the following:












suh that we onlude
c11 = q
2 .
Similar alulations provide the remaining onstants cij and we get as result:
∂zdz = q
2dz∂z ∂zdz = q
−2dz∂z
∂zdz = q
2dz∂z ∂zdz = q
−2dz∂z .
(2.81)
As we see, the q−dierentials and q−derivatives beome the lassial dierentials
resp. derivatives in the semi-lassial limit q → 1.
Remark: Above we derived all possible types of ommutation relations between
oordinates, dierentials and derivatives. Nevertheless, we still have to hek if all
these relations are onsistent with eah other. If we extend the algebra by dz, dz
with the relations (2.70) and (2.80), these relations have to be onsistent with the
ommutation relation of the spae oordinates zz = q2zz, i.e. multiplying them
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by oordinates from the right and ommuting the oordinates to the left must not
lead to any inonsisteny. For example we have:
(zdz − q−2dzz)z = z(q2dzz − zdz)
(zdz − q−2dzz)z = z(q4zdz − q2dzz)
obviously not leading to any inonsisteny. Multiplying the remaining relations of
(2.70) or (2.80) by oordinates from the right and ommuting them through to the
left, does not lead to inonsistenies, either. The reason is that the ommutation
relations are of the following type: Commuting two arbitrary elements does again
reprodue exatly those two elements multiplied by some power of q. Then, mul-
tiplying any relation from the right by an element of the algebra and ommuting
it through to the left, must lead to the same relation we started with multiplied
by a power of q and therefore never produes any inonsisteny. In a seond step
we introdued the partial derivatives ∂z , ∂z with the relations (2.77),(2.78) and
(2.81). A lot of the ommutation relations are again of the type that ommut-
ing an arbitrary derivative with a dierential or a oordinate reprodues exatly
the same elements multiplied by a power of q. By the same onsideration as
above, at least all ases, in whih the ommutation relations ∂zz = 1 + q
−2z∂z
or ∂zz = 1 + q
2z∂z do not enter the alulation, don't lead to inonsistenies. If
these two ommutation relations enter in the alulation, an additional term +1
appears. Those ases remain to hek. We easily verify
(∂zz − 1− q
−2z∂z)z = zq
−2(∂zz − 1− q
−2z∂z)
(∂zz − 1− q
−2z∂z)z = z(∂zz − 1− q
−2z∂z)
(∂zz − 1− q
−2z∂z)dz = dz(∂zz − 1− q
−2z∂z)
(∂zz − 1− q
−2z∂z)dz = dz(∂zz − 1− q
−2z∂z) .
A short alulation shows that we don't get inonsistenies for the other equation
∂zz = 1+q
2z∂z, either. The last equation, ∂z∂z = q
2∂z∂z , still has to be multiplied




2∂z + ∂z∂z − q
2∂z − q
2z∂z∂z = z(∂z∂z − q
2∂z∂z)
(∂z∂z − q
2∂z∂z)z = ∂z + z∂z∂z − ∂z − q
2z∂z∂z = z(∂z∂z − q
2∂z∂z) .
All together we have seen that the alulus established above withstands all on-
sisteny heks.
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The above onsiderations give in all detail an Eq(2)−ovariant dierential
alulus on Anc. We saw that dierentials and funtions do not ommute. This
makes alulations ompliated and therefore we will try in a next step to nd a
basis θi of the spae of one-forms, alled frame, that ommutes with all funtions
(Frames exist on other nonommutative spaes as well (f. for example [25, 3℄)
and θi is the usually used notation that is not to be mixed up with the Poisson
struture θij !).
A Nier Basis of One-Forms: A Frame
We are looking for a new basis θ =: θz, θ =: θz of Ω1q ommuting with all funtions.
Let us onsider
θ := z−1zdz
θ := dzzz−1 .
(2.82)
Then:
Lemma 5. We have
[θ, f ] = [θ, f ] = 0 (2.83)
for all funtions f ∈ Anc and
θθ = −q2θθ .
Proof. Using the ommutation relations (2.8),(2.70), we get
θz = z−1zdzz = q2z−1zzdz = zθ
and
θz = z−1zdzz = q2z−1zz¯dz = zθ .
θθ = −q2θθ follows making use of the same ommutation relations.
It is even possible to nd a one-form Θ that generates the exterior dierential.
A Generator for the Exterior Dierential
In the following lemma we introdue a one-form Θ that generates the exterior
dierential d. Later on, Θ will play an important role when onsidering gauge
elds and gauge transformations.
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Lemma 6. Consider








df = [Θ, f ] = [λi, f ]θ
i
for all funtions f and
dΘ = Θ2 = 0 .
Proof. We remember that the θi ommute with all funtions and with that we get
[Θ, f ] = θ[
1
1− q−2
z−1, f ]− θ[
1
1− q−2
z−1, f ] .
Plugging in the expliit expressions (2.82) for θi we nd
[Θ, f ] = z−1zdz[
1
1 − q−2







z−1, f ]− dzzz−1[
1
1− q−2
z−1, f ] ,
where in the last step we used the ommutation relations (2.70). Taking f = z















z−1, z] = 0 . (2.85)
Thus, [Θ, z] = dz and analogously follows [Θ, z] = dz. Hene, on the generators
of the algebra of funtions the laim is true. Sine [Θ, f ] is a derivation, we an
now onlude that
df = [Θ, f ]
for all funtions f .
The seond laim, dΘ = Θ2 = 0, is shown by the following alulations: First
((1− q−2)Θ)2 = (θz−1 − θz−1)2 = (q−2z−1dz − z−1dz)2
= −q−2z−1dzz−1dz − z−1dzq−2z−1dz
= −q−4z−1z−1dzdz − z−1z−1dzdz = 0 ,
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where we have used the ommutation relations (2.7), (2.70) and (2.80), and se-
ondly
(1− q−2)dΘ = d(q−2z−1dz − z−1dz) = −q−4z−2dzdz + q2z−2dzdz = 0
where we used d(z−1) = −q−2z−2dz and d(z−1) = −q2z−2dz whih follows with
the q−Leibniz rule applied on 0 = d1 = d(zz−1) = d(z¯z¯−1).
Remark : We notie that
Θ = θiλi = q
−2z−1dz − z−1dz
is not invariant under translations. It is only invariant under rotations.
q−Two-Forms
We an also write the extension of the exterior dierential d to one-forms in a
nie form:
Lemma 7. Let Θ be dened as in Lemma 6. Then
dα = {Θ, α}
for any one-form α. Here {·, ·} denotes the anti-ommutator.
Proof. We have {Θ, αf} = {Θ, α}f − α[Θ, f ] and {Θ, fα} = [Θ, f ]α + f{Θ, α}
for arbitrary funtions f and arbitrary one-forms α. Thus, {Θ, ·} satises the
Leibniz-rule (2.79) whih implies that dα = {Θ, α}.
This nishes the disussion of the dierential alulus and we will now attend
to gauge elds and the ation.
2.3.3 Gauge Fields and Ation
We onsider only the easiest ase: nonommutative abelian gauge elds. They are
one-forms B ∈ Ω1q . We an express B in the basis θ
i
(found in the last subsetion)
that ommutes with arbitrary funtions:
B = Biθ
i .
Furthermore, we write [23℄
B = Θ+ A , (2.86)
78 2. Gauge Field Theory on the Eq(2)-Symmetri Plane
where, as we will see, A is the analog of the ommutative gauge eld, and dene
F := B2 , (2.87)
the nonommutative eld strength. With (2.86) and sine Θ2 = 0 (Lemma 6) and
{Θ, A} = dA (Lemma 7) we get
F = A2 + dA . (2.88)








= A1A2θθ + A2A1θθ + (λ1A2 + A1λ2)θθ + (A2λ1 + λ2A1)θθ
= (A1A2 − q
−2A2A1)θθ + ((λ1A2 − q
−2A2λ1)− (q
−2λ2A1 − A1λ2))θθ
where we used in the last step that θθ = −q2θθ (Lemma 5). If we additionally
denote the omponents of A in the basis dz, dz by Az and Az, i.e.
A = A1θ + A2θ = Azdz + Azdz
and therefore
A1θ = Azdz
A2θ = Azdz ,
we an write




The expliit expressions of λi given in Lemma 6 and the ommutation relations
(2.70) yield λ1dz = q
−2dzλ1 and dzλ2 = q
−2λ2dz. Thus, we obtain
F = (A1A2 − q
−2A2A1)θθ + ((λ1Az − Azλ1)θdz − q
−2(λ2Az −Azλ2)dzθ
By Lemma 6 we get that
[λ1, f ]θ = dz∂z(f) and
[λ2, f ]θ = dz∂z(f) .
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Together with dzθ = −q2θdz we nally have
F = (A1A2 − q
−2A2A1)θθ + dz∂z(Az)dz + dz∂z(Az)dz .




−→ (∂zAz − ∂zAz)dzdz . (2.89)
Hene, we see that in fat the eld strength dened as above beomes the om-
mutative eld strength (f. Appendix A) in the semi-lassial limit and A admits
the interpretation of a nonommutative gauge eld. Therefore (2.87) seems to
be in this regard a reasonable denition for a nonommutative eld strength. Of
ourse gauge ovariane is another important requirement for F . This issue will
be treated in the after next subsetion.
At this point we want to ontinue introduing the ation. For this purpose we
onsider the Hodge dual ∗HF of F : In our two-dimensional ase we an express
any two-form F in the basis θθ = z−1zdzdzzz−1 = q−2dzdz:
F = fθθ = q−2fdzdz





With the integral found in Subsetion 2.3.1 we an now write down an ation:
S :=
∫ q













We an even assign to S a gauge-invariane property for speial deformed gauge
transformations, as we will see later, but rst we need the following subsetion as
preparation.
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2.3.4 The Algebra Homomorphism α : Uq(e(2))→ Anc
We onstrut an algebra homomorphism α : Uq(e(2))→ Anc whih we will need in
the following subsetion when dening gauge transformations in analogy to [23℄,
where suh a homomorphism is introdued, too (even though in a dierent way).
Nevertheless, we do not look for an arbitrary algebra homomorphism. It shall
have the additional property that the right-ation x ⊳ u of an arbitrary element
u ∈ Uq(e(2)) on an element x ∈ Anc is given by
α(S(u(1)))xα(u(2)) = x ⊳ u .
This property we will need to obtain a gauge invariant ation later on. For this
purpose it is onvenient to onsider the ross produt algebra Uq(e(2))⋉Anc (f. for
example [20℄) whih is as vetor spae isomorphi to the tensor spae Uq(e(2))⊗Anc
and where multipliation is dened as follows:
(a⊗ x) · (b⊗ y) := ab(1) ⊗ (x ⊳ b(2))y . (2.91)
It is ommon to omit the tensor signs and to identify 1 ⊗ x ≡ x and a ⊗ 1 ≡ a,
leading with the multipliation as dened above to the so alled ommutation
relation
x · a = a(1)(x ⊳ a(2)) .
In our ase this reads, if we use the expliit form for oprodut and right-ation
of Uq(e(2)) given in (2.50):
1. z · T = T (z ⊳ q2iJ) + z ⊳ T = q−2Tz + 1
2. z · T = T (z ⊳ q2iJ) + z ⊳ T = q−2Tz
3. z · J = Jz + z ⊳ J = Jz + iz
4. z · T = T (z ⊳ q2iJ) + z ⊳ T = q2Tz
5. z · T = T (z ⊳ q2iJ) + z ⊳ T = q2Tz − q2
6. z · J = Jz + z ⊳ J = Jz − iz
Let us try to nd an algebra homomorphism α′ : Uq(e(2))⋉ Anc → Anc that on
Anc is the identity (in a seond step suh a α
′
an be restrited to Uq(e(2)) leading
to an algebra homomorphism α with all the demanded properties). Knowing the
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above ommutation relations we an expliitly onstrut α′. Being an algebra
homomorphism, for example implies beause of 1. above:
zα′(T ) = α′(z)α′(T )
!
= α′(z · T ) = q−2α′(T )z + 1
whih is equivalent to










Finally, 3. above yields, if α′ is to be an algebra homomorphism with α′|Anc =
id|Anc,
z(α′(J)− i) = α′(J)z
implying
α′(q−2iJ)z = q−2zα′(q−2iJ)
whih is satised for
α′(q−2iJ) := zz .
To show that α′ dened on the generators of Uq(e(2)) as suggested above really
gives an algebra homomorphism Uq(e(2))⋉Anc → Anc, we have to prove that the
dening ommutation relations of the generators in Uq(e(2)),
TT = q2TT
[J, T ] = iT ⇔ q−2iJT = q2Tq−2iJ
[J, T ] = −iT ⇔ q−2iJT = q−2Tq−2iJ ,
are respeted, too. This an easily be heked using the ommutation relation of
the oordinates zz = q2zz. For example






= q2α(T )α(T )
and the rest follows similarly. Anyhow, as explained above, our aim is to nd a
homomorphism α : Uq(e(2))→ Anc. By restriting α
′
to Uq(e(2)) we obtain suh
an α:
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dene an algebra homomorphism
α : Uq(e(2))→ Anc
with the property
α(S(u(1)))xα(u(2)) = x ⊳ u (2.94)
for all u ∈ Uq(e(2)) and x ∈ Anc.
Proof. As restrition of the algebra homomorphism α′ we get that α is an algebra
homomorphism. Moreover, the property α(S(u(1)))xα(u(2)) = x⊳u follows diretly
beause in the ross algebra Uq(e(2))⋉Anc the right-ation is given by
x ⊳ u = S(u(1)) · x · u(2)
(just use the denition of the multipliation in the ross algebra (2.91) to verify
this). Taking into aount that α′ is an algebra homomorphism with α′|Anc =
id|Anc we then have
x⊳u = α′(x⊳u) = α′(S(u(1))·x·u(2)) = α
′(S(u(1)))xα
′(u(2)) = α(S(u(1)))xα(u(2)) .
Remark: The element
TTq−2iJ
is a Casimir operator of the quantum group Uq(e(2)). This may give another hint
how to dene the algebra homomorphism α mapping it on a onstant in Anc, the
only Casimir operator of Anc.
With the tools gathered so far, we are now ready to treat the topi gauge
transformation and gauge invariane.
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2.3.5 Gauge Transformations and Gauge Invariane
As we have seen in Subsetion 2.3.1 the q−integral is not yli anymore. There-
fore the usual gauge transformation B → UBU−1 does not lead to a gauge invari-
ane priniple for q 6= 1. Thus, we have to modify gauge transformations so that
for q = 1 we get the usual, ommutative gauge transformation on the one hand
and a reasonable gauge invariane priniple for q 6= 1 on the other hand.
Gauge Transformations
In analogy to the proedure in [23℄ we introdue the following gauge transforma-
tion of a one-form B:
B → α(S(γ(1)))Bα(γ(2)) , (2.95)
with γ ∈ G, where
G := {γ ∈ Uq(e(2)) : ε(γ) = 1, γ = S(γ)} (2.96)
and α : Uq(e(2)) → Anc is the algebra homomorphism found in Subsetion 2.3.4.




H := {γ ∈ Uq(e(2)) : ε(γ) = 0, γ = S(γ)} .
The image α(H) an be interpreted as a sub-algebra of the algebra of funtions
Anc. γ = S(γ) reets the unitarity ondition of a ommutative unitary gauge
parameter and an arbitrary gauge parameter an be written as
α(γ)(z, z) = eiα(h)(z,z) with h = −S(h) .
On aount of the property (2.94) and sine the θi ommute with arbitrary fun-
tions (2.83), the gauge transformation for the omponents reads
Bi → α(S(γ(1)))Biα(γ(2)) = Bi ⊳ γ .
With B = Θ+ A follows then for the gauge transformation of A:
Θ+ A→ α(S(γ(1)))(Θ + A)α(γ(2))
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and
α(S(γ(1)))(Θ + A)α(γ(2)) = α(S(γ(1)))α(γ(2))Θ + α(S(γ(1)))[Θ, α(γ(2))]
+α(S(γ(1)))Aα(γ(2))
= α(ε(γ))Θ + α(S(γ(1)))Aα(γ(2)) + α(S(γ(1)))dα(γ(2))
= Θ + α(S(γ(1)))Aα(γ(2)) + α(S(γ(1)))dα(γ(2))
=: Θ + A′
where we have used the fat that Θ generates the exterior dierential d (Lemma
6), that α is an algebra homomorphism (Lemma 8) and that S(γ(1))γ(2) = ε(γ) = 1
for γ ∈ G. Hene, we onlude:
A→ A′ = α(S(γ(1)))Aα(γ(2)) + α(S(γ(1)))d(α(γ(2))) . (2.97)
Gauge Invariane




sine ε(γ) = 1 for γ ∈ G. If we write F = fθθ this yields, sine θ and θ ommute
with all funtions,
f → α(S(γ(1)))fα(γ(2)) . (2.98)
We already saw in (2.89) that F has the right semi-lassial limit suh that we
really gave a reasonable denition for F .
Moreover, the ation S :=
∫ q




f . Therefore, we get with (2.98) that
∗HF → α(S(γ(1)))(∗HF )α(γ(2))
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Sine the homomorphism α has the property α(S(u(1)))xα(u(2)) = x ⊳ u for all
x ∈ Anc and u ∈ Uq(e(2)) (Lemma 8) and the integral is invariant with respet to











F (∗HF ) = S .
Therefore, the ation is indeed gauge invariant.
The Semi-lassial Limit q → 1
We onsider the rst ontribution of a gauge transformation of a one-form A given
in (2.97):
α(S(γ(1)))Aα(γ(2)) = α(S(γ(1)))α(γ(2))A+ α(S(γ(1)))[A, α(γ(2))]
= ε(γ)A+ α(S(γ(1)))[A, α(γ(2))] = A+ α(S(γ(1)))[A, α(γ(2))]








Let us alulate an example to get a better understanding of these deformed gauge
transformations. If we take γ = q2J , we rst see that ε(γ) = 1 and γ = q−2J =
S(γ) (see (2.45) and (2.47)). Thus, γ is an element of G. Using the struture
maps of J given in (2.45), we get:
(S ⊗ 1)∆γ = q−2J ⊗ q2J . (2.100)
Sine α(q−2iJ) = zz, we obtain with q = eh that α(−2ihJ) = ln(zz). Hene
α(q2J) = eiln(zz)
and we nally obtain with (2.100):
α(S(γ(1)))d(α(γ(2))) = e
−iln(zz)d(eiln(zz)) .
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For q → 1 this beomes
id(ln(zz)) = i∂zi(ln(zz))dz
i .
Altogether we see that, if we write λ := ln(zz), the gauge transformation of A
beomes in the semi-lassial limit q → 1:
A→ A′ = A+ ∂ziλ(z, z)dz
i
and this is indeed a ommutative gauge transformation. This gives us an impres-
sion of the semi-lassial of the q−deformed gauge transformations.
Nevertheless, this is not fully satisfying. We still have to examine whether
the same result follows for an arbitrary gauge parameter λ. Unfortunately, it was
not possible to give a general answer in the framework of this thesis. Further
onsiderations at this point are missing and ould be part of ongoing researh on
this topi.
However, we want to add some general onsiderations for the interested reader.
The gauge group we onsidered so far is not the most general hoie. It is possible
to make the following generalization for the gauge group G [35℄:
Let G be a subset of a Hopf algebra H suh that the following requirements
are satised:
1. There exists an algebra homomorphism
α : H → Anc .
2. For all U ∈ G we have
D(α(U)) = α(S−2(U)) , (2.101)
with D as dened in (2.67).
3. For all U ∈ G we have ε(U) = 1.
Let us point out that in partiular H = Uq(e(2)) and G as dened in (2.96)
satisfy those demands. We just have to use the homomorphism α onstruted in
Subsetion 2.3.4 to hek that the seond ondition is satised: It is easy to verify
that
S2(U) = q2iJUq−2iJ ⇔ S−2(U) = q−2iJUq2iJ
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Sine α(q−2iJ) = zz and zzf(z, z)(zz)−1 = f(q−2z, q2z) = D(f(z, z)) for all
f ∈ Ac, this indeed is true.
Dening gauge transformations again as the adjoint ation of an element
U ∈ G, i.e.
B → α(S(U(1)))Bα(U(2)) ,
we obtain that the ation S :=
∫ q













F (∗HF ) = S ,
where we used in the seond line the yli property of the q−integral (Lemma
4) and in the last but one step the seond property from above.
The hope is to nd by this generalization a gauge group G that is big enough
together with an adequate homomorphism α suh that we get in the semi-lassial
limit q → 1 lassial gauge transformations even for arbitrary gauge parameters.
2.3.6 Summary and Last Remarks
In this setion we established an Eq(2)−ovariant gauge eld theory. First we
found a Uq(e(2))−invariant integral. This integral is uniquely determined by the
invariane requirement. We saw that unfortunately this integral does not admit
a trae property (f. (2.68)) suh that we already onluded at this point, that
dening gauge transformations of a eld strength as usual by onjugation with
an unitary element, will not lead to an invariant ation. We further studied
the properties of the Eq(2)−symmetri spae developing a ovariant dierential
alulus in all detail. To make alulations easier, a onvenient basis of one
forms, a frame, was introdued as well as a generator for the q−deformed exterior
dierential. This made it possible to talk about one- and two-forms in a nie
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language, nally enabling us to dene a gauge eld A and a eld strength F that
beomes the ommutative eld strength in the semi-lassial limit q → 1. At
this point gauge transformations still have not been introdued but after having
established an algebra homomorphism α : Uq(e(2)) → Anc with the property
f ⊳ X = α(S(X(1)))fα(X(2)) for all X ∈ Uq(e(2)) and f ∈ Anc we dened gauge
transformations as the ation of elements of a ertain sub-algebra of Uq(e(2)),
that we onsidered as the gauge group, on funtions in Anc (see 2.95). The
homomorphism α gave the gauge group an interpretation as funtions in Anc and
the way of dening gauge transformations itself led to the notion of an gauge
invariant ation that is Eq(2) − invariant as well. At the end, we tried to give
the q − deformed gauge transformations a lassial interpretation in the limit
q → 1. Although the explanation is surely not fully satisfying it leads us to the
assumption that we indeed introdued reasonable gauge transformations whih
beome ordinary gauge transformations for q → 1. Nevertheless, more detailed
onsiderations are ertainly missing at this point and give inentive to ongoing
researh on this topi. Moreover, future work ould be to develop some analogons
of the Seiberg-Witten maps we onsidered in Setion 2.2. The aim would be
to express nonommutative quantities in terms of the ommutative ones in suh
a way, that ommutative gauge transformations of the ommutative quantities
indue the deformed gauge transformations we onsidered in this setion. If suh
a Seiberg-Witten map exists, it should be possible, together with the star-produt
formalism developed in the previous setion, to express all nonommutative gauge
elds in terms of the ommutative ones and expand them in the deformation
parameter similarly as we did in Setion 2.2. This would allow us to read o
expliitly order by order the orretions this nonommutative theory predits for
the ommutative theory, just as in the previous setion but this time for a theory
that respets the bakground symmetry of the spae.
However, before solving this problem we surely have to understand better
the nature of the deformed symmetry transformations we introdued. Sine
elements in Uq(e(2)) are in general not group-like, we get that for example the
gauge transformation of a produt of funtions implies transforming eah fator
dierently beause of fg ⊳ X = (f ⊳ X(1))(g ⊳ X(2)). This urious transformation




We studied in the rst hapter how far a hange of a star produt hanges the
resulting ation in the ase of anonial deformation of the spae, i.e. in the ase
of a onstant Poisson tensor θij. The result is, that in general two dierent star
produts will lead to two dierent ations but that for a large lass of star produts
the orresponding ations indeed end up to be equal. The presumption is that a
physial reason implies a restrition of all allowed ordering presriptions and that
we are obliged to onsider only partiular star produts that t in this physial
requirement. For those star produts, the ations would all be equal. Thus, the
gauge eld theory developed using the Moyal-Weyl star produt would atually
be independent of the hoie of star produt within this set.
In the seond part of this thesis two approahes to gauge eld theory on the
Eq(2)−symmetri plane were established. The rst, as generalization of the theory
developed in the ase of a onstant Poisson struture, admits the expression of
the nonommutative physial elds in terms of the ommutative ones. An expliit
expansion of the ation in orders of the deformation parameter h leads to new
interations that do not exist in the ommutative theory. However, a freedom in
dening the gauge eld and the eld strength ould not be avoided. Moreover,
the fat that we introdued innitesimal gauge transformations of a gauge eld by
the star ommutator with the gauge parameter, fored us to introdue an integral
with trae property whih in turn is not Eq(2)−invariant.
In a seond approah we set up a theory that is Eq(2)−ovariant onstruting
an Eq(2)−invariant integral and an Eq(2)−dierential alulus. We dened a
nonommutative eld strength whih approahes the lassial eld strength in
the semi-lassial limit q → 1. It is a result of the demand for Eq(2)− ovariane
of the theory that the integral is not yli. That is why we were fored to
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introdue q−deformed gauge transformations. We found a gauge invariant ation
and disussed the semi-lassial limit of gauge transformations.
The onlusion of the work in the seond hapter is the following: If we estab-
lish gauge eld theories on quantum spaes we enounter the following dilemma:
Either we introdue gauge transformations of gauge elds as onjugation with an
unitary element. In this ase we have to introdue a yli integral, whih will in
general not be invariant under the quantum group symmetry, to get a gauge in-
variant ation. Or we onsider the quantum group ovariane as the fundamental
onept. We then have to onstrut an invariant integral whih at the end is in
general not yli, foring us to dene deformed gauge transformations that are
diult to interpret.
In this thesis we exemplied this dilemma disussing two approahes to es-
tablish gauge eld theory on the Eq(2) − ovariant plane. We pointed out the
oneptual problems we meet in eah ase and presented possible solutions.
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Appendix A
Change of basis z, z ↔ x, y
















Then one-forms transform as follows:









(a˜1(φ(z, z))− ia˜2(φ(z, z))dz +
1
2
(a˜1(φ(z, z)) + ia˜2(φ(z, z))dz
=: azdz + azdz








{a˜1(φ(z, z)) + ia˜2(φ(z, z))} .
(A.2)
Two-forms transform in the following way:






















=: fzzdz ∧ dz + fzzdz ∧ dz .


























In Chapter 2, we need to know fzz for the ase where f˜ is the ommutative,
abelian eld strength, i.e. f˜12(x, y) = ∂xa˜2 − ∂ya˜1. To alulate fzz we rst want
to express the partial derivatives ∂x and ∂y in terms of partial derivatives with














∂z = i∂z − i∂z .







i((∂z + ∂z)a˜2(φ(z, z))− (i∂z − i∂z)a˜1(φ(z, z)))
= i((∂z + ∂z)a˜2(φ(z, z)) + i(∂z − ∂z)a˜1(φ(z, z)))
= 1
2
∂z(a˜1(φ(z, z)) + ia˜2(φ(z, z))) +
1
2
∂z(a˜1(φ(z, z))− ia˜2(φ(z, z)))




The Right-Ation of Uq(e(2)) on Anc
Knowing the struture maps for J, T, T ∈ Uq(e(2)) (see (2.45)) and their ation on
z, z (see (2.50)) we an determine the ation of J, T, T on arbitrary funtions using
(xy)⊳A = (x⊳A(1))(y ⊳A(2)) for arbitrary x, y ∈ Anc, A ∈ Uq(e(2)) (f. Denition
5). Sine an arbitrary funtion f(z, z) ∈ Anc an be deomposed in f(z, z) =∑
k∈Z z
kfk(zz) (see (2.55)) it is suient to know the ation on a summand
zkf(zz) ,
where f is a formal power series in zz. We will derive the formulas even for




. We start with the ation on zk:
Claim 1. For k ∈ Z we have




zk ⊳ T = 0 (B.1)
zk ⊳ J = ikzk .
Proof. The rst equation an be shown by indution. Let us start to prove it for
k > 0:
• We have z ⊳ T = 1 suh that the laim is true for k = 1.
• Supposing the laim to be true for k we nd for k + 1, using ∆(T ) =
T ⊗ q2iJ + 1 ⊗ T as well as the ations of T and J on z given in (2.50), we
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get









Thus, the laim is proved for k > 0. But for k = 0 we get 1 ⊳ T = 0 = 1−q
0
1−q−2
and the laim is true in this ase, too. For k < 0 we rst of all need to know
how T ats on z−1. We have
0 = 1⊳T = (z−1z)⊳T = (z−1 ⊳T )(z ⊳q2iJ)+z−1(z ⊳T ) = (z−1 ⊳T )q−2z+z−1
suh that we onlude
z−1 ⊳ T = −q2z−2 .
This is onsistent with (B.1) sine in fat −q2 = 1−q
2
1−q−2
. An indution as
done for the ase k > 0 nally proves the laim for k < 0, too and with that
follows the laim for k ∈ Z.
The last two equations nally follow immediately with z ⊳ T = 0, z ⊳ J = iz and
∆(T ) = T ⊗ q2iJ + 1 ⊗ T rst for k > 0 and then with 1 ⊳ T = 0 = z−1 ⊳ T also
for k ≤ 0.




we start onsidering the
ation on a summand (zz)l:
Claim 2. For l ∈ Z we have








(zz)l ⊳ J = (zz)l .
Proof. The last equation follows immediately with z ⊳ J = iz, z ⊳ J = −iz and
∆(J) = J ⊗ 1 + 1 ⊗ J . The rst equation follows again by indution. We start
treating the ase l > 0:
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• We have (zz) ⊳ T = (z ⊳ T )(z ⊳ q2iJ)+ z(z ⊳ T ) = q2z and the laim is proved
for l = 1.
• Supposing the laim to be true for l we get, using as in the previous proof
that ∆(T ) = T ⊗ q2iJ + 1⊗ T as well as the ations of T and J on z given
in (2.50),









suh that the laim follows for l + 1.
If l = 0, then 1 ⊳ T = 0, whih is onsistent with the laim. To derive the ation
of T on (zz)−1 we alulate
0 = ((zz)−1(zz))⊳T = ((zz)−1⊳T )zz+(zz)−1((zz)⊳T ) = ((zz)−1⊳T )zz+(zz)−1q2z
suh that we an onlude
(zz)−1 ⊳ T = −(zz)−2z
whih is onsistent with (B.2), too. For l < 0 the laim then follows by indution
similar as for the ase l > 0.
Finally, the seond equation follows by a similar indution as done for the rst
equation.
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where we used the ommutation relation zz = q2zz, too. A similar alulation
nally leads to the following results:











zkf(zz) ⊳ J = ikzkf(zz) .
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